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PEEFAOB. 



The writer has been induced to prepare this Text 
Book because of his inability to find^ among the many 
excellent works on Mechanics, one that was thoroughly 
adapted to his special wants, and because it has seemed 
to him probable that similar needs must have been felt 
by other instructors. 

The chief aim has been to present the fundamental 
principles of the subject in logical order, and in as clear, 
simple, and concise a form as possible, yet without any 
sacrifice of strict accuracy. For the sake of making 
the portions pf the subject, which necessarily involve 
some difficulty, more intelligible to beginners, and also 
to increase the interest of the general principles demon- 
strated by showing something of their practical bearings, 
simple illustrations have been introduced rather more 
fully than usual; these are sometimes given in a few 
words, sometimes in more extended form. This has 
led to a slight expansion of the book in size, but does not 
proportionately increase the time required to master it. 
The general scheme is not more extended than the sub- 
ject demands, and, if time is limited, the instructor 
can readily select those articles whose omission will not 
interfere with the completeness of the stud jr. [Some 
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INTRODUCTION. 

. Hatter. Mattor is the Biibstance of which bodiea 
•e composed; it is that which maybe apprehended by 
I le senses, and which may he aetod upou by force. 

S. Body-Partiolo, A Sorfy is any portion of matter 
prbich is bonnded in every direction, A material par It- 

ik is a body of dimensions so small that it is unnecessary 
a consider the diSerencoB in position or motion of its 
ifferent parts. 
In many cases the differences in the relations of the 
■arts of an extended body are, in like manner, left out 
lof account, it being considered as a single onit, and then 
'the body is treated as a particle. 

3. Holecnle, The smallest portion into which a 
fiven kind of matter can be conceived to bo divided, 
lithouta loss of its properties, is called the molecule. 
fhe molecule is an ideal unit, the existence of which is 
lelieved to be proved by experiment, although it cannot 
16 by direct observation. Tiie smallest portion of 
natter, obtained by any method of mechanical subdivi- 
lion, would consist of a large number of niolecnles. 

According to the conclusions of Sir William Thomson, 
f a drop of water wore to he magnified to the size of the 
iarth, the molecules, of which it is made np, would be 
hoarser than fine shot and probably finer than cricket- 
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4. Fhyeical Science. All changeB which inyoh 
Diiiterbl. body, either as u whole or with respect to 
relaliousoE its molQcules, are considered under the li 
of Natunil Philosophy, or Physical Science. Thus, 
fall of a body to th« earth; the flight of a rifle-hall; 
ring of a bell; the melting of iron, and its contraci 
oi' oxpuusiou on change of temperature, its magnet 
tion — these and all other analogous phenomena are 
eluded under PJijsical Science. 

5. Atom. Eyery molecule is supposed to be made 
of one or more indivisible units called afoins ( a p 
and Tt/ivai, to divide). Thus, the smalleBt coneeivi 
particle, or molecule, of salt, possessing all the pro; 
ties of the mass, is believed to consist of two dissim 
atoms, one of the metal sodium, the other of the 
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fi. ChemiBtry. All pbeiionicna which result in ■ 
an'angement of tbe atoms and a consequent ohang 
the molecules of a body — that is, a loss of identity o 
substance involved — belong to Chemistry. For exai., 
the change of ice to water, or of water to steam, invo 
no change in the Hiolecules but only in their mutual 
lationa and position, hence these phenomena belonj 
Physical Science; but when a rearrangement of the ati 
takes place and the water is thus decomposed into 
constituent gases, hydrogen and oxygen, this last 
chemical change. 

The molecule is the physiciil unit; the atom is 
chemical unit. 

7. States of Matter. Matter may exist in three di 
ent states : the solid, liquid, and gaseous states. 

The soLin is characterized by a greater or less di 
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rigidity. The molecules are bound together hj ihe 
^lecular force of attraction, called cohesion, and hence 
olid body tends to retain its own shape. 
The LIQUID is characterized by its mobility; the mole- 
les are free to move about each other, and the liquid 
kes the shape of any containing vessel. 
The GAS is characterized by its tendency to indefinite 
pansion. The molecules are believed to be in rapid 
3tion and constantly coming into collision and then 
pelling one another, so that a gas tends to occupy a 
eater volume, and hence exerts pressure on the sides 
any vessel in which it is confined. 
The term fluid is sometimes employed to include both 
juids and gases. 
Many substances may under varying conditions exist 

the three different states : this is illustrated by the 
fie of water, which is a solid — ice — below the freezing 
)int, a liquid at ordinary temperatures, and a gas — steam 
•at high temperatures. 

:8. Properties of Matter. All forms of matter possess 

ie essential properties of extension, impenetrability, and 

^Brtia, 

](1) ExTEKSiOK : Every body occupies a definite por- 

)1i of space; that is, it has length, breadth, and thick- 



sl2) Impei^etrability : Two forms of matter cannot 

aUpy the same space at the same time. 
3) Inertia : Matter has no power to change its 

iqX state of motion or rest, hence it offers an apparent 
stance to a force tendmg to change its state. This is 
her explained in a subsequent article (67). 

Other properties of matter are — 
»R0siTy : The molecule. s, of avIucU a given body is 
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supposed to be made up, are believed to be separated 
from one another by a greater or less space. In addi- 
tion to these true or physical pores, most bodies exhibit 
also visible open spaces, or sensible pores, as those of a 
sponge. 

Compressibility : A body may be made by pressure 
to occupy a snlaller space ; this is a direct consequence 
of its jiorosity. 

Divisibility : A given kind of matter admits of be- 
ing divided into a very great number of parts. 

Elasticity : A body, whose shape has been altered by 
a force acting on it, tonds to regain its shape when the 
force ceases to act. Solids vary widely in elasticity : for 
example, compare lead and steel, or clay and ivory. 
Liquids and gases are perfectly elastic. 



10. Mechanics is that branch of Phvsical Science 
which considers the motion and equilibrium of bodies. 
Corresponding to the three states of matter, the subject 
of Mechanics is divided into 

(1) Mechanics of solids. 

(2) Mechanics of liquids, including Hydrostatics and 
Hydrodynamics. 

(3) Mechanics of gases, or Pneumatics. 

The first of these three divisions, which forms the 
subject of this text-book, is further divided into tliree 
parts. Kinematics, Dynamics or Kinetics, and Statics. 

Kinematics* includes the discussion of abstract 
motion; that is, of the motion of bodies without refer 
ence to their mass (quimtity of matter), or to the force 

* From the Greek nivrjua, motion. 
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{forces which cause their motion. To the idea of space, 
^involved in Geometry, it adds that of time. 

Dykamics,* or Kinetics,! embraces the discussion of 
Lthe action of a force, or of forces, in producing the mo- 
ftiou of bodies of known mass. 

StaticsJ discusses the action of forces upon bodies in 
|so far as they hold the body acted upon at rest; that is, 
[in equilibrium. 

♦From tae Greek Siiycc/ni^, power. 

f From Hive GO, to move, 

t From drartxdi {idrT^jit), causing to stand. 



METRIC SYSTEM. 

UNITS OP LENGTH. 

ENGLISH UNITS. 

Kilometer 1000 meters. 8280.9 feet. .62187 mile. 

Meter 39.37 inches. 3.281 feet. 

Decimeter 1 meter. 3.937 " .3281 " 

Centuneter 01 " 0.3937 " .0328 " 

Millimeter (wm).. .001 *' 0.0894 " .00328 " 

UNPTS OP VOLUME. 

DRY MEASURE. LIQUID MEASURE. 

Kiloliter (or Btere) 1 cub. meter, 1.308 cub. yds. 264.17 galls. 

Liter 1 cub. decimeter, 0.908 quarts, 1.0567 quarts. 

Milliliter 1 cub. centimeter, 0.061 cub. in. 0.27 fl. dr'hm. 

UNITS OP WEIGHT. 
VOLUME OF WATER AVOIRDUPOIS MEASURE. 

oiviNa THE WEIGHT. (1 lb. =7000 grains.) 

Kilogram. ... cub. dec'm'r or liter. 15432.3 grains. 2.2046 lbs. 

/ Gram cub. centimeter. 15.432 " 0.0022 " 

MQligram.... cub. millimeter. 0.0154'* 0.0000022" 
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METEIC SYSTEM. 



■/, Befer = 1 Declniel. 



^ 100 umimetera. 




4 incbes, ea£h divided iolo eighths. 

The Mder is Ihe lengtL at 0' C (temperature of mcltinff ice) of a. 



; Mder is the lengtL at C(teniperatnre of meltinff ice) of a 
D platinum bar kept at Paris. It was iDteoded to oe (and is 
very nearly) equal to one forty-millioDtli part of ilie earth's cir- 
comferoDce about the poles. It is the only arbitrary unit of the 
Mttric fi'ydcm, einee aJl the other units of weight, etc., are directiy 
deiived from it. 

Units of Lescth. Tlie meier ia divided into 10 (feci'nwtw*, 
into ICM) eentimeleTn. into 1000 mSlimderi. Also, 10 metera=l dtka- 
tneteJ-, lOOmeterSi^l heetometer, IWn mc\.t:Ti=l kUometer. (The 
same prefixes are used in a case of the other units, with a similar 
signification.) 

The approximate value of some of these imila are as follows:— 
The meter is a little longer than the English yard; it is very nearly 
equal to 3 feet 3g incLcs. The millimcier is a little less than .04 of 
An inch, or 1 inch is a little more than 23 millimeters. (See figure I 
above.) The kilomc-ier is elKiut | of a mile. 

llNrra OF SuBFACK. The squarea of the unils of length o 
taken as the units of surface. The principal units are the etntar*, 
or square meter; the are { = 100 square meters): and the tiectare 
(=10,000 square meters); Ibe hectare is equal to a. 47 acres. 

Units of Volcme. The cubes of the units of length are taken 
as the units of volume or capacity. The principal units 
cubic meter or itert, equal to 1.3 cubic yards; the cubic decimeter 
or liter, wliich is a little larger than a wiue quart; and the cubic 



Umits of Weight. The ■weights of the imits of volume of 
'WBter(At 4''C = 3S°.QFwhenithas its greatest densityt are taken ai 
the unitsot weight. Theprincipaiunilsof woightBretheA^fcff;-am 
(or kilo), which is Uie weight of a liter or cubic decimeter of watei 
at 4° C; it is equal to 2.2 pounds; and the gram, which is the 
weight of the cubic centimeter of water at 4' C; it is equal to about ^ 
15 grains. J 

The equivalents of the important metric units are given, morp I 
exactly oa the preceding page, \ 



CHAPTER L— KINEMATICS. 

Motion and Rest — Kinds of Motion. 

11. Motion. A body is said to move when, in succes- 
ive intervals of time, it occupies different positions with 
ference to some .other body considered to be at rest. 
The terms motion and rest are simply relative, for the 
te of any body in this respect can be judged of only 
y comparing it with some other body or bodies. For 
xample, the objects on the deck of a steamboat may be 
at rest with reference to each other and to the boat, while 
Ihey are in motion as regards the neighboring shore. 
A^gain, two trains moving side by side at the same speed 
taay seem to a passenger on either to be at rest, and are 
actually so as regards each other, while they are in rapid 
notion as regards the ground over whir»h they are pass- 
ing. 

As the term rest is ordinarily employed in Mechanics, 
the earth is used as the basis of comparison, and in this 
teense bodies are said to be at rest which do not move 
with reference to it, as, for example, the buildings in a 
city. It is to be remembered, however, that the earth 
itself and hence all objects upon it are really moving 
very rapidly through space. In fact we know nothing 
of absolute rest, for all bodies of which we have any 
■knowledge are in motion. 

Further than this, there is reason to believe that, in- 
dependent of the motion of the bodies themselves, the 
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molecules wliich make tliem up have also ia all c 
very rapid vibratory motion of their own. Moti 
then the actual state of matter so far as we kuow il 
while the rest we observe is only apparent. 

12. Kinds of Hotion. With respect to its direct! 
body may have either motion of translation or of rott 
tion. With respect to ite rate, the motion may be uni- 
form or varied, 

13. Uotion of TranBlatlon. If the motion of a hodj 
is such that every point in it has the same velocity, am 
every straight line in it remains parallel to itself, tl 
body is said to have motion of translation. This is illus- 
trated by the motion of a sled down a hill, or that of the 
body of a carriage. 

The motion of translation of a particle may be eithei 
(1) rectilinear — that is, in a straight line — or (3) 
linear, in a cnrved line. 

14. notion of Rotation. A body is said to have motk 
of rotation, or simply to rotate, when it moves about 
axis so that the different particles describe concentrii 
circles around it, their velocity increasing with their dis- 
tance from the axis. This is illustrated by the turning 
of a wheel on its asle, or the spinning of a top. 

15. A body may at the same time have both kinds of 
motion. For example, the wheel of a carriage rotates 
about its axle, and also moves forward — that is, has 
motion of tmnslation — with the rest of the vehicle ; if 
the wheel is blocked, as in descending a steep hill, then 
it has motion of translation only. Again, the earth haa 
a motion of rotation about its axis and also of translfc 
tion in its orbit about the sun. 

In the statements which follow in regard to the motioQJ 
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3iea, moiion of translation without rotation is 
mjB to be underetood unless it is distinctly stated 
potherwiBe. 

As explained in Art. S, the term body may be nscd 

j instead of particle, when the body is eonsidorcd as a 

f QDit, any distinction between the position or motion 

of the different parts being left out of account: in thin 

ense the term body is employed in the following art)- 

les. 

16. Path of a Particle or Body. The palh of a parti- 

VcIg, or trajectory as it is sometimes called, is the con- 

PtinnouB hne, either straight or curved, which it describes 

I a» it moves. By the path of a body is ordiiiiirily meant 

the line described by some definite point in it, usually 

the centre of gravity, or the geometrical centre. 

Uniform Motion. 



17, TTnifbrm Uotion. The motion of a body is said to 
> be uniform if it moves over equal spaces in equal suc- 
a intervals of time, however small these be taken. 
, The velocity, or rate of motion, is then said to be con- 
I stant. 

Constant velocity, or the velocity of a horly moving 
uniformly, is measured iy the nvmher of units of linear 
' space passed over in the unit of time. 

The CNiT OF SPACE commonly employed is the foot, 

and of time the second. The ukit of velocity is then 

B velocity of one foot per second ; this is a compound 

unit sometimes called a foot-second. Thus a constant 

I Telocity of 10 would mean that the body passed over 10 

~ D each BucceaaiTe second. 
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[18. 



Other nnitB of space and time are also not infre- 
quGutly enipfoycd ; we speak of the velocity of the 
eaith iu its orbit as 19 miles per second ; of u train as 
80 many miles au hour, and so on. If the metric system 
is made use of, the units oi distance bolougiug tu it must 
!ic taken ; that is, the millimeter, meter, kilometer, etc. 
18, ConBtant Angular Telocity. Thestatement in the 
ju'ecediiig article hiis reference on!y to linear velocity. 
When, however, a body rotates on an axis and each 
p.article describes a circle about it, it is often convenient 
to have an expression for the angidar velocity. 

The angular vdocily of a hodyi 
rolating unifomUy about an axis, 
is measured by the angle deseribed' 
^ in (he unit of time by a radius 
moving in a plane perpendicular 
to the axis of rotation. This angle, 
as ACB (Fig. 1), is expressed not 
Via. 1. in degrees bntin circularmeasnr^. 

that is, by the ratio of the ai-c to the radios (-471/' 
This angular velocity is usually represented by the letter 
<a. Hence 

- A^ 
°^ ~ AC 

It AC = r, and AB = v — the linear velocity, then 



It is evident that the angular velocity is constant for all \ 
parts of a body rotating uuifonnly, but the linear velo- 
city increases directly with the distance from, the axis. 
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I 19. Space passed over in TTniform Motion. If a body 
i moves uniformly for a time /, with a velocity v, the 

8pace^ or distance (s), passed over is equal to the product 

of the time and velocity : 



alsO; 



s = vt\ 

V = — , and ^ — — . 
t V 



20. Oeometrical Bepresentation of Velocity. The ve 
locity of a body may be represented geometrically by 
a straight line, whose direction is the direction of the 
motion, and whose length is taken proportional to the 
velocity. Thus (Fig. 2), if the motion of a particle be 





Fig. 8. 



Fia. 8. 



in the direction from A toward C with a velocity of 20, 
and in another independent case from A toward B with 
a velocity of 10, then these lines, if proportional to 20 
and 10 respectively, may be taken as representing these 
velocities geometrically ; here obviously AC = 2AB, 

If the particle moves in a curved path, as from M 

rioward iV' (Fig. 3), its velocity at any points, as A and 0, 

^will be represented by tangents at these points, ^^ and 

\CI), whose lengths are proportional to the velocities 

(respectively. 

21. Oeometrical Bepresentation of the Space passed 
ivei in Uniform Motion. The space passed over by a 
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ly mcitiug uiiifornily for a given timo may be r3 
the ai'ea of u rectuugle, whose adjuceiit e 
/• are taken proportional respectil 
to the time and velocity, eaca 
terras of its owu unit. ThuB, A 
pose a body to move for I eeeos 
with the constant velocity w;i 
AB {Fig. i) be talten proportifl 
[to (, and BC to v. Tlien, since (19) ' 



s = vt, and area of rectangle = BC.AB, 



iB. 
;, isrej 



Oie space is pToportional to, or, in other words, i 
sited by, the rectangle. 
This principle, which ia of interest chiefly fronaj 
t it takes in a subsequent demonstration (25), ■ 
Kimply that the relatitm of the ai-ea of the reotan^ 
^ta sides is the same as that of the space in ^ 
Imotion to the velocity and time. 

ES.\jrPLE8. 
I. Uniform Motion of Trandation or Rotalion. Articles Ij 



1. A bodj travels 30 feet per second: How far will it gi 
K^y of 24 hours? 

a. A velocity of 30 miles per hour corresponds to a Tate of J 
K-jnany feel per secood? ' 

A man walks uniformly 4 milea per hour: (a) How n 
r leet does he go in a second? (i) How many yards in a ininul 

4. Two bodies start from the same point in npponite direct! 
the one moves at amic of 11 feet per second, the other at& 
of 15 miles per hour; (a) "What will be Ibe dtsl;incc between I 
at the end of 8 minutes? (6) When will lliey Iw 825 feet npa 

5. How far will the bodies in the prcctMliiig exumple bei 
at the eud of the same time, if they move in the same dlrectii 

0. Two bodies, starting from the same point, mava along 
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.right Biigtea to earb olUcr. the first at the rate of 4} feet per 
DnJ, tlie second at a rnle of 200 ynrds per minute-. How far 
1 they be apart at tlio end of an liour? 

'. Bappose tLe cArlli truvcls in its orbit SOO million miles in 
( days: What vtlocity baa it. ex^ircBStid in miles per second, 
g that the motion is uniform ? 



. What is Uie linear velocity of a Twiot on tbe equator due to 
Lcsrtb'a rot)ition?^1ake the e[|iiatorial radius as 4000 miles. 
, Wbut is the lineitr velocity of n poiut on the eortb at lulitudc 
from the same cause? 

[0. If the linear velocity of a point at the equator, due to the 
rolallon, is T, show that tbe velocity at any latitude (/) h 

11. What is the atiffular velocity of tbe earth's rotation per 

md! 

8. (a) What is the angular velocity of the fly-wheel of an 

iae, 6 fe«t In diameter, IF it makes 40 revolutions in a-mioutfi? 

Wbal is the linear Telocity of a point on tbe circmnferonce) 
l (a) What is the angular velocity of a buzz-saw, having a 
lis of 4 feet, it it makes 100 revolutions per sccondT (i) How 
'in milt's) will a point on tbe circumference travel in a work- 

;dayof lObours? 

i4. The angular velocity of a wheel is gnr per second; What is 

I linear velocity of points at distances of (n) 3 feet, (i) 4 feet 

i (e) 10 feet from tbe centre! 

Vaj-ietl Mo/ion — Acceleration. 

,Jt2, Varied Hotion. The motion of a body is said to 
varied, and its velocity is called variable, if it moves 
rough unequal spaces in equal BucceKsive intervals of 
(i«. The motion (9up])osed to be continuous) is eaid 
he wniformhi varied if the velocity (1) inereiises or 
|2) (ipcreases by the same amount in equal successive 
itei'vals of time, however small these be taken. 
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111 tlie first caae tbe motion is uniformly nccehraled 
m the motion of a stone falling toward the earth; in th( 
secoud case it is uuiformly retarded, as that of a stoni 
thrown vertically upward. 

The velocity of a body, if variable, is measured at anj 
instant by the distance through which the body woubi 
pas» in the follow inff unit of time, if the motion were ti 
continue uniformly through that lime at tho same rate. 

Thus, we apeak of the velocity of a railroad train a 
being at a certain instant Sd miles per hour, meaning 
that, If tlie rate were to be kept up uniformly for the 
hour following, the train would pass over 35 miles, 
know, however, that the 'suppo.sition will not in fact be 
realized. Again, the velocity of a falling body, at a 
certain instant, may he aaid to be 64 feet per second; 
and by this ia meant that, if it should move uniformly 
for the neit second at tlie nito it has at the instant; 
under consideration, it would pass over 64 feet. But in 
fact ifca velocity ia constantly inoreaaing, and it will 
actually fall through a space gi-eater thaai 64 feet. 

23. Acceleration. If the motioa of a body ia i 
formly accelerated, the equal increment of velocity for 
each succeeding unit of time — the second — is called the 
acceleration; it is the rate of change of velocity. 

For osample, a body falling freely from rest towan 
the earth acquires a velocity of about 33 feet per secoiu 
at the end of 1 second, at the end of 3 seconds its velo- 
city ia (.33) + 33, of 3 seconds it is (32 + 33) + 32, and 
soon. In other words, whatever the previous velocity 
it may have at any instant, in the second following ita 
velocity is increased by about 33 feet. This increment , 
of velocity of 33 feet-per-second per second (as it should 
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expressed in full) is called the acceleration due 
gravity, und is denoted bj tlio letter g. In general 
le acceleration due to tbc action of anj force (as ex- 
Jaiued in 60) is expressed bj the letter/. 

It is explained in a followmg Art. (64, p. fi]) that the value of 
varies slightly for different poioi» on the earlli's surface, being 
poles and decreasing toward the equator, where its 
raiue is least. The value for New York is about SS.tS (fiome- 
Bs called 83ji). It also dlminislics as the distance from Uie sur. 
i: of the eartli iucreaxes. 

I ia also explained iu arlielu 65. p. 63. that this acocleratlun 
! tn gravity is the same, at ouc place, for al! Ixidies, wlialever 
ir mass; lliat is, a bullet and a fcallieT will fall in llic same lime 
heenrtb fromagiven poial, and acquire the same vclocily.it 
resistance ut the air is eliminated. (Keud articles 64. 05, 300.) 

If the motion of a body is uniformly retarded, the 
acceleration is also employed to indicate the equal 
velocity for each Bocceeding second, but it has 
iBegative sign, as having a direction opposite to 
the initial velocity of the body. This is true of 
thrown up from the earth, or of a body projected 
a rough borizontal plaue UTid retarded by friction. 
24. Telocity acquired in TTniformly Accelerated Ho- 
'^ince the acceleration (/) of a body is the incre- 
veloeityfor each Buccessive second, it is clear 
f'Wie body starts from rest, its velocity {v) at the 
■ seconds -will be equal to/(. That is: 

= ft; for a f allin g body v = yt. 

ice paased over in TJnifonnly Accelerated Ho- 

■6 passed over hyahody, starting from rest 
Wins with uniformlt/ accehrated motion, is equal 
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to one half the product of the aeeeUration into the squari 
of the time. 

s = ^ft^; for a falling body s = igP, 

Let A B (Fig. 5) be taken proportional to the time (t\\ 
and BCn at right angles to it^ proportional to theyelocitjl 
{v) acquired in this time, and connect AC'y it will be* 
shown that the space passed over by the body is repre- 
sented by the area of the triangle ABC. 




Fio. 5. 

First, it is necessary to show that itAb represents anj 
other time (/') in terms of the same unit, then the cor- 
responding perpendicular be represents the velocity (v') 
acquired in this time. For (24) 

V = ft, and v' = ft', 

''' J " t ^ r 



Also, 



BG^_ be . , BO 
AB - Ab' ^""^ AB 

be _ v' 
'''Ah" T 



V 

T 



But, by supposition, Ab represents t', hence be mns^ 






I 
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represent v'; that is, the corresponding velocity acquired 
in this time. 

Again, let the time (t) be divided into any number of 
equal parts represented geometrically by Ab^ b'h", etc. 
(Fig. 6). Erect the perpendiculars Vc', V'c" , etc.; by 
the preceding paragraph, these perpendiculars will 
represent geometrically the velocities acquired at the 
end of these times taken from the beginning. Now 
* suppose (1) that the body moves uniformly for each of 
these portions of time with the velocity it has at the 
beginning . of that interval, and (2) with that acquired 



\ 

p- 



r. 




at the end. That is, on the first supposition, it moves 
for the time AV with the velocity 0; for the time W 
with the constant velocity Vc'\ for the time V*V" with 
the velocity V'c"y and so on. Then, by Art. 21, the 
sum of the interior rectangles 0.^^', Ve' {=.W\ Vc'), 
VWy and so on, will represent the whole space 'passed 
over on this first supposition. 

On the second supposition the body moves for the 
time AV with the constant velocity ^'c'; for the time 
VV with the velocity S"c"; for the time V'V with 
iha velocity J'"c"', etc. Then, in this case, the total 
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space passed over will be the sum of the exterior -^^ 
angles d'b' (= Ab X b'v'), d"V\ d'"V"y mdeoc^c 



the interior rectangles is less than the true space puB^^ 
over by the body, and that represented by the sumof <^j 



It is obvious that the space represented by the sni^^ 

exterior rectangles is greater than the true space; wf^' 
each differs, by a series of small step-like trianglefl, fxa0^ 
the area of the triangle. Xow if the number of internM 
into which t is divided be increased indefinitely^ wad 
consequently the length of each be indefinitely dimis- 
ished, and the same construction as that above sappoaei 
be carried through, then the sums of the interior anl 
exterior rectangles will approach the area of the trian^ 
as their limit. But the spaces passed over by the body, 
upon the two suppositions made, also approach thi 
true space (corresponding to a continual and unbrokei 
increase in velocity) as tlieir limit. But when two sell 
of variable quantities, which are always equal, simiit 
taneously approach their limits, these limits are equal 
Therefore 

77ie true space is geometrically represented by the 
of the triangle. 

.'. s = iBC.AB = ivt = ift\ 

26. Average Velocity. From the preceding arti< 

s z= ^vt, and ^r = -. This value of the velocity, oH 

tained by dividing the whole distance by the time, a 
called the average velocity. In the case of unifo] 
accelerated motion, the average velocity is equal to oi 
half the final velocity acquired ; or, in other woi 
the space passed over is equal to one half the product 
this final velocity into the time. This is represeni 
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trj 



VARIED MOTIOIT— ACCELERATION. 



19 



► geometrically by Fig. 7, where, if BC = "HBE, it is seen 

■ that the areas of the triangle ABC [= ^,vt) and of the 

.. rectangle ABED (= \v,t) are equal. 

The term average velocity is also employed, in the case 

- of varied motion in general, to denote the result ob- 
tained by dividing the whole space by the time. For 
example^ if a train traverses 100 miles in 4 hours, its 
average velocity is said to be ^l^ = 26 miles per hour, 

c 




although its actual velocity may have varied through 
very wide limits during the time. 

27. Formulas for Accelerated Motion. The results of 
articles 24 and 25 give 

V = fi; for a falling body v = gt. 

8 = ift'; " " '' s = igt\ 

Therefore, eliminating t from (2), 



(1) 

(2) 



8 



V' 



s = 



V 



^/ V ; for a falling body ^^ 

or V* = 2fs J v^ — 2gs 



(3) 



These three equations give the most important rela- 
tions for bodies starting from rest and moving with uni- 
formly accelerated motion. From them we see that 
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(1) The velotity acquired is proportjonal to the tii 

(2) The space is proportional to tlie Bfjuare of the tim 

(3) The space IB proper tional to the square of tbeTE 
city accniired. 

28. From equation (2) of the preceding article it 
eeen that the space described in the first second from n 
is equal to one half the acceleration. Also, the spat 
described in 1, 2, 3, 4, etc., seconds are, by the formnl 

i/.' I/; if, v/, etc. 

Therefore the spaces described iu the first, second, tl 
s will be: 



if, if, if, if, ete- 

In other words, the spaces described in the sucoeu 
seconds are proportional to the niimbers 1, 3, fi, 7, 
etc. ; for the «"■ second the sjjace will be by this ] 

— ^ — /, or for a falling body — ^ — j?; this is eqaa{ 

the space passed over in (n — 1) seconds [= i/(;, 
subtracted from the space passed over in n 



II. Uniformly Acceteruted Molinn (Articles 23-28). A. FiM 
Bodies (fake g = 33). 

[It is lo he understood in eacli case tbat the body falla fri 
real, and that the resistance of the air is neglecl«d. It is to 
remembered, also, that the assumption that the value of p is o 
Btant for points nbove the surface of the earth is not rigidly true 

1. A body fitllB 15 seconds: Required (a) the velodty acquire) 
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^ the whole diBtance fallen through; (r) the apace passed over in 
He last second of its fall ; {rl) tlie spnco in llie lu^t three seconda. 

2. A body has /alien tlimugh 5384 feel; Required (rt) Uie time 
f falling; (b) the final velooily. 

3. A. body has ttcqairud in falling a velocity of 013 feet per 
econd: Required (a) the time of falling; {b) the distance fallen 
hrough. 

4. A body in falling passed over 836 feet in the last second: 
leqaired (i) the lime of falhog; {b) the distance fallen. 

5. A body in falling passed over 1008 foet in llie last Ihree 
leconds: Required (u) the time of falling; {li) the distance fallen 
through. 

6. What is the ratio of the velocities of a falling body at the end 
of the first i, i, 1, 3, and 4j seconds ? Find the actual volod- 

ies in this way, from the velocity at the end of I sccunci (j/). 

7. What is tbe ratio of tlie spaces passed over by a falling body 
a i, i, 1- 3> *i seconds ? Obtain the respective distances in this 

way, from tliut of 1 second (10 feet). 

sand-bag ia dropped from a balloon, which is for the 
t at rest at a height of 3 miles: Required (") the time of 
o tbe earlh, and (i) the velocity acquired. 

9. What is the distance fallen through in the third of a second, 
commencing (a) the 6t!i second, and (b) the 11th second? 

10. Two balls are dropped at tbe same instant from points 100 
it apart vertically; What distani:e will separate them at the end 

o! S, 3. and S seconds ? 

11. Two balls A and B are dropped from a height, B 3 seconds 
ftftcr the other : (n) How far apart will they be after B has fallen 
B, 8. and 5 seconds ? (i) When will they be iI6 feet apart ? 

12. A alone is dropped down a well 234 feel deep: How Boon 
^rill tbe splash in the water Iw heard at tbe top if the velocity of 
tbe sound is 1130 feet per second (corresponding to a tempera- 
ture of the air of about OO" F.)? 

le in dropped from the top of a cliff, and after 6} 
seconds it is beard to strike Ilie ground below: How high is the 
cliff, taking the velocity of sound as 1153 feet per second (tei 
pcralure of air about 90' F. ) ? 
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B, Qentral Oane. — Aceeleration = f. 
[The motioD i^ ussiiiuictl to be uniformly acceleraicd.] 

1. A body moves 100 feel in the firat Beconda from ra 
Wlial Is the acceleration ! 

a. A body moves 10 feet io the first Bocond: (k) Wbat is U 
BCceleralioQ ! (i) How far wilUt go in S seconds ? (c) Whal"w 
be ita final velocity at thi: end of this time f 

B, Tlie acceleratiou is 13 feet-per-second per second: (a) Wb 
velocity does a body acquire in 6 secondB 1 {li) What space does 
pass over ? 

4. A body passes over 36 feel in lieflfth second; What is tij 
acceleration ? 

5. Tbe acceleration duo to the attraction of Jupiter for bodia 
on or near its surface is about 3,6 times ^: (a) Wuat velodl 
would H [ailing body acquire lu 3 seconds ? (A) What sphce ^f^ 
it pass through in this time ! 

0. What time would be required in the above case (5) for a bod 
to tall 33i0 ftct ? 

7. Tbe acceleration of gravity ca the iroon is about Jj? : Hw 
long and bow far must a body fall to acquire a velocity of S3 fed 

8. The acceleration of gravity on the sun is about 38 X j 
Compare the acquired velocities and spaces fallen through : 
the first three seconds with those true fur tbe earth. 

9. A body moves 45 feet in 3 seconds, and 80 feet in the m 
S seconds: Is its motion uniformly accelerated ? 

10. A body passes over 50 feet in 5 seconds: What distal 
must it go in tbe nest 5 to satisfy the condition of UDiforfl 
accelerated motion ? 

Composiiion and Resolution of Velocities — Unifom 
Motion. 

29, Composition of ITotioiiB In General. It was e 

]>]iiined ill Art, II that, wlien a body is said to be 
motion, reference is always m:ide to some otlier bod 
with respect to which the first body changes its poai 
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tioQ. In many cases which arise we have to considoi' 
not the simple mutiaus of bod s I ut tl c r uctual 
motions as composeil of aereral diffe ent ii ot ous. For 
example, a mau walking on the deck of a titeamboat is 
in motion with reference to it but tl b at n turn is 
in motion as compared with the ne gl I or ng lihore. 
Therefore hia actual motion with leference to the land 
is composed of his own independent motion and that of 
the boat. Hence we have, iu such easee, lu du with the 
coexistence of motions; and the problem arises, when the 
separate motions ai'e given, to find the actual resulting 
motion in rate (velocity) and direction. 

30. Resultant and Component Telocities. When a 
body tends to move at tlie same time with several 
different velocities, either in the same or different 
directions, the actual velocity due to the combination 
of all is called the resultant, and the separate velocities 
are called the components. The process of finding the 
resultant, when the components are given, is called the 
Composition of Velocities. 

SI. CompoBition of Constant Velocities in the same 
Straight Line. The resultant of two component velocities 
in the same direction is equal to tiieir sum; if they have 
opposite directions, it is equal to their difference. In 
general, if of several velocities those in ono direction are 
called pins (+), and those in the opposite are called 
minuB(— ), the resultant is equal to their algebraic sum. 

For example, a boat, moving uniformly at the rate of 
6 miles per hour down a stream running at the nuiform 
rate of 4 miles, has a resultant velocity in the same 
direction of 10 miles {G + 4). If the boat is headed up 
stream and keeps the sume rate, the resultant velocity is 
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hIso up stream and equal to 2 miles (6 — 4). If, iti tl 

lutter case, the stream bad a velocitj of 8 miles, tl 
resulumt velocity would be equal to — 2, ((3— 8); thi 
is. \ho iioat woulJ in fivct drift down stream at thisraM 
32. Composition of two Constaat Velocities not in tl 
same Straight Line, If the two component velocities a 
not in the same stmight line, then the resultant volocit 
will lie between them, and will bo determined in direo 
tion anil magnitude by the Parallelogram of Velocities 



33. PaiaUelogram of Velocities. This principle 



.pie; 



senitd in direction and magnitude by the two adji 
sides of a parallelogram, the resiUt/int velocity miU 
given hy the diagonal passing through their point 
interaedioR. Suppose a body tends to move uniforml 




from A towai'd 5 {Fig, 8) witli a velocity w, 
by tlie line AB; also at the same instant from A to 
with a velocity v, represented by AD, then tbe body 
actually move in tbe direction ^IC with a constant 
city represented by AC. {See Arts. 68, h, and 128.) 
For the body, i£ it hatl only the velocity u, would 
one second move fi-om A to B, and if only the Tel< 
V, would move from A to D; but the motion in the 
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direction cannot effect that in the other if they go on 
together, so that at the end of the given time the bodj 
will actually be at C, having moved along the straight 
Une A a But, again, if Ab', VV, V'V'\ etc., be taken 
to represent the motion of the body in equal intervals of 
time in the direction AB with the velocity w, and Ad\ 
d'd"y d"d'"y etc., the motion in the same intervals of 
time in the direction AD with the velocity v, the result- 
ant motion will be represented by Ac' y c'c", c"c"' ^ etc. 
But these distances are equal, since they are by similar 
triangles proportional to the equal distances AV , VV\ 
etc. (or Ad'y d'd", etc.); therefore the motion of th^ 
body in the resultant direction is also uniform. 

34. Calculation of the Magnitude and Direction of the 
Besultant Velocity. From trigonometry we have (see 
also Art. 130) 

AC^ = AB' + AD' + 2AB.AD cos y. 

Therefore 

P = w' + v' + 2uv cos y. 

c 




Also, in the triangle ABC (Fig. 9) the component 
velocities are represented \i^ AB=. u, and BC{= AD) = 
v; the resultant velocity is AC = V; also, BA C = a, 
ACB (= CAD) = /3, and CBA = 180° --BAD= 180° 
-r- ^ = 190® — (a + /J). Hence tbo r^latious in dir^g- 
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tioD and magaitaile of the rettultant and componait I 
vetocitiea may be calculated by the usual methods for f 
the solation of this plane triauglo, where throe pcirtaJ 
ai-e given and the others required. 

It is further seen from this case that the relation Oi 
the two component veloeitioa and their resultant may }t 
expressed geometrically by the triangle ABO, hra 
sometimes called the Triangle of Velocities. 

36. For the special case (Fig. 10) where the direetioD 




of the component velocities are at right an 
other, the relations are more simple. Here 



igles to e 



VP+l?; 




SB. Tbe following caaes may be taken as illustrations of tbf 
Parallplogram of V«loci ties. ^Suji pose a boat to move uuiformly 
at the rate of ii miles per hour across a stream running 
of V miles per liour. Here the vclocilics u and v arc 
poueutB, an(], it Att, Ad be taken to represent llici 
respective directions (Fig. U), the resultant velocity will be ji' 
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in direction and magnitude by the diagonal Ac, Hence the boat 
will actually move in the direction ^c J tau a = — I at the rule of 

V miles an hour (= ^/x>^-\- m*), and will reach G in the same time 
In which it would have gone without the current directly across 
to By or would have drifted with the current to D. 

Again, suppose the component velocities as above; if it be 
required that the boat shall go directly across to (7, here the direc- 
tion of the resultant \& AG (Fig. 12), and the components are 







^.^ 



Fio. 11. 



Fio. 12. 



M (= v) and Ad (= t)). Hence the boat must be headed up 
stream at an angle ^^CJsin a = — I, and the resultant velocity 

will be expressed by ^v? — xi^. 

37. Composition of several Constant Velocities. If 

there are more than two component velocities, then the 
method of finding tlieir resultant is as follows: Find the 
resultant of two of the component velocities, then of this 
resultant and the third component, again of the last 
resultant and the fourth component, and so on. Thus 
let ABy AC, AD, AE (Fig. 13), represent several com- 
ponent velocities; the resultant of AB ^n^ AC is (33) 
the diagonal ylc; ggain, the resultant of Ac and AD, tliat 
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is of AB, AC, AD, is Ad; still again, the resultant 
AdsMA. AE, that is of the four original velocities, is A 

It will bo seen by comparing Figs. 13 and 14, tbat tbfl' 
Bides of the polygon abcde (Fig. 14) represent tba 
four velocities and their resultant. Hence, in general, 
if the component velocities be laid off in order of diiw 
tion, as ab, be, cd, de (Fig. 14), the side which com 




pletea the polygon so formed, viz. ae, represents the I 
resultant velocity. This is sometimes called the Poli^ 
gon of Velocities. 

38. Besolation of Velocities. The process of f 
the component velocities, which shall be equivalent b 
given resultant velocity, is called the Resolution of P 
cities. If the required components are two in naiQ 
and their directions are given, then their magnitude 
found by completing the parallelogram whose diag< 
is the given resultant velocity and whose sides harefl 
given directions. 

Let (Fig 15) J C represent the resultant velocity, j 
let AJTmid AyhB the directions of the refinired e 
ponents; draw through the lines CD, CB j 
respectively to 4X and AT, thea AB and AD, 
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aideB of the parallelograin thus formed, will represent 
the required componeiits in direction and magnitade. 
Yi Y 




If the directions AX and AY are at right angles 
(Fig. 16), and a represents the angle CAB, then the 
components are AB = ^Ccos a and AD = AC sin a. 

For example, suppose a boat to move uniformly in the 
direction AC (Fig. 17) in virtue of its own motion 



l,^- 



directly across the stream and the velocity of tlic cur- 
rent toward D, taken together, both being uniform. 
Then if Ac represents this resultant velocity, the com- 
ponent velocities will be given by Ai (= Ac cos a) and 
Ad(^ Ac Hin«). If the transfer across the stream were 
alone desired, the component Ab in this direction might 
be called the effective velocity. 
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EXAMPLES. 



ni. Ci»npo«ilion oj V>.*x»^. Articles 29-37. 

[The Telocitiea are supposed to be couatant in all cases.] 

1. The velocity of a Hieambont is 5 miles per hour, that of 

stream is 4 miles, sjid a man walks tlie deck from stem Ic 

tlie rale of it miles: Required the actual Telocity of the boat (a 

headed up stream, and (M down Etream; also(e. iQ, that of the m 

3. The velocities of boat and stream are as in example 1, 1 
the boat is headed directly across the stream (Fi^. 11): (a) ? 
will be the actual direcliOD of the boat's motion ! <&} What 
rate of its motion T (c) How long will the passage take if 
stream is 3 miles wide ? (rf> Where will the boat land (BO - 

8. The velocities of boat and stream are as in I and 3, but U 
required that the bout shall go directly across from .4 to C) 
12): {a) In what direction must the boat be headed t (6) V 
will be its actual velocity across f (c) What will be the timi 
passage, the width being 3 miles ? 

4. Find answers (or Uie three questions in example 8, ( 
BuppoaitiOD that the boat is to reaeh a point 80° up stream 
tlie starting-point. 

5. Find answers for the three questions in example 8, ott 
supposition that the boat mast reach a point 30° down strean 

6. The velocity of the bont is 4 miles per hour, and thato 
stream Smiles; the width of the stream^ is 1 mile: What iflu 
point, to that directly across from the starting-point, whidk 
bait uan reach? (Solve this problem by peoiuiitrical constmB 

7. A ball oa a horizontal surface tends to move north ■» 
velocity of 13 feet per second, and east with a velocity of If 
per second; (n) What will be the actual velocity, and (ft) In 1 
direction ! 

8. A ball, moving north at a rate of 8 feet per second, reea 
an impulse lendiog to make it muve due north-east with the % 
velocity; (a) What path will it take, and (6) atwhatratewi 

9. A man, skating uniformly at a rate of 12 feet per sea 
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rojpcts n bull on tliQ icr in a direction aX right Bngltsi to liU 
lotion at a rate of 9 feet per second : Wbitt ia (u) the aclual rate, 

tnd (A) the direction of its motion (friction neglected)? 

□da to move north at the rate of 8 feet per seconil, 

■tlso S. 60" £. And 8. 60" W., each at the some ntte: What is ita 

iu:lual velocity ? 
11. A ball lends lo move east G miles per hour, also N, 45' W. 

ind 8. 45° W.. each at the same rale: lieqiiired the direction atid 

rue of motion. 
13. If a boat headed direct!; across a stream moves at the uni- 
)rm rate of tUO yards a minute, while the current runs SOyaids 
minute: (a) In what direction will it actually go, and (i) what 

^t&nce will it land down stream 1 (r) What should be its course 

In order that it may reach a kndiog-place directly opposite the 

(torting-point. and (rf) how long vfould tlio pas.mge take ; The 

iridth of the streitm is 1300 yards. 

IV. Boio/iition of Oonttanl Velocitiix. Article 38. 

A ball tends to move in a certain direction at a rate of 9 feet 
i>er second, but it is constrained to move at an angle of <{0° with 
Ihis direction : Required its veiouity in the latter dtrection. (Pig. 16.) 
S. A body moves uniformly about a semi -circumference at the 
tate of 12 feet per second: What ie the component of its velocity 
pHBllel to the diameter when it is 30°, 60', 9(1% ISO", and 180" 
rom the starting-point? {Fig. 10) 
3. A ball rolls at tlie rate of S feet per second across the diagonal 
! a rectangular room ABCD whoso dimensions are 15 X 20 
•^ABy.AC): What ia its rate of motion parallel to each side! 
" 4. A body mores N. 30' E. at a rate ot fi miles per hour: _ 
Itequired its rate of motion northerly and easterly! 
S. A boat, though headed directly across a stream, actually 
lOves diagonally across Hie stream at an angle of 30° {BAG, Fig_ 
11, p. 27), and at a raie of 10 miles per hour: Required (a) the rale 
at the boat, and Ifi) of the current, each taken independently. 

B. A boat steams directly across a stream 1800 yards wide in 
90 minutes, the current flowing all ILc time at the rate of 80 yards 
minute: What would be the direction and rate 
no current t 
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7. A balloon has a velocity of 20 feet per second in an npwnd 
direction wtJch makes an aoirlc a with a verlicnl line: If its 19- 
locity vertically upward would be 1000 feet ikt minute, wliat li 
its horizontal velocity due to the wind ? What is a ? 

Composition and Resohiiiun of Accelerations. 

39. Composition and Basolntion of Accelerations. The 

composition aiul rcsolutioiiof vel<K-itie3 maybe extended 
also to the ease of iiiiifonn accelerations, the method 
being in all respects similar to that in the preceding 
articles. The sides of the parallelogram here represent 
the component accelerations, and the diagonal the re- 
sultant acceleration. 

The simplest application of the principle of the reso- 
lution of accelerations is to the case of motion down an 
inclined plane (40). 

40. Motion down an Inclined Plane. The dii-eetion of 

the acceleration of gravity is that of a vertical line, and 




Fio.18. 

a body falls in this direction if entirely free; but a body 
on ai\ inclined plane is only free to slide along it, and the 
acceleration is here that comi)oneiit of the whole accele- 
ration which is parallt'l to the jilano: viz., // sin a. 

Let (Fig. 18) ac be taken to represent the vertical 
acceleration ^; the directions of its components are 
resi)ectively parallel and perpendicular to the plane, and 
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are represented by ah and ad. But hac = HLK = a, 
and therefore ad = be = ac sin a. That is, ad, or the 
acceleration down the plane, is equal to g sin a. 

The formulas of Art. 27, for a falling body, are then 
applicable to the case of a body sliding down a smooth 
inclined plane, if for g we write g sin a. That is : 

V = g sin a . t, 
s = ig sin a . f, 
v^ = 2g sin a , s. 

In the last formula, if the body descends from ^to L, 
8 = HL, and s sin a = HK or h, the height of tlie 
plane; 

,\ v'^ = 2gh. 

From this equation it follows that: the velocity acqnirvd 
in descending any inclined pUme is the same a*s (hat 
gained in falling through the vertical height of the plane. 
This is also true for a continuous curve. This principle 
finds an application in Art. 244. 



EXAMPLES. 

V. FaMng down an Inclined Plane. Article 40. 

[The plane is supposed to be perfectly smooth, so that there is no 

friction.] 

1. The angle of the plane is 30°: Required {a) the acceleration 
down the plane; (p) the distance fallen through in 4 seconds; {c) 
^e velocity acquired; {d) the distance in the last second. 

2. The height of the plane is 100 feet and the length 400: {a) 
"hat is the time required to reach the bottom ? {h) What is ^he 
velocity acquired ? 

8. The angle of the plane is 45° : Required the time of falling 
144fe«t 
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4. Tbo lentil nt a pUne ia 578 feet, a body falls down it in 
■MXindR: (a) What is the acceLemtion T (A) What ia the height i 
Ibe plane T 

5. The heiglil of a plane is fl8 feet, and a body gains a vdodi 
of 20 feet per second in fotliug 5 seconds on it; Required (a) ' 
ut-'t'el e ration i ('<) the length of the plane. 

6. The height of a plane is 250 feet, a body reaches ' 
lioiiom in IS seconds: (ii) What is the length of the plane! 
Wliiit is the velocity acquired ! 

T. Several planes, having the same altitude, viz. 400 feet, Iai 
lengUis 000, 800, 1300. and 1600 fuel; Compare the timee 
dcficeut and acquired velocities for each. 

8. Show that for several planes having the same altitude tb 
limes of descent are proportional to the lengths ; 



9. Prove that the time of falling from rest d 
vertical circle, drawn from the highest point, ia 



Compositmi of Uniform tind Accelerated Motion ia 0it 
same Line. 

41. Composition of Uniform and Accelerated Motion 
the same Straight Line. {Only the cases of uniform! 
accelerated and retiirded motion will bo coneidered.) 

If of two compouent velocities one is constant (i 
and the other ia uniformly increaBing — that ia, tendii 
to produce uniformly accelerated motion — but both 
the same line, then the resultant is equal to their s' 
or difference according as they have the same (a) 
opposite directions (h), 

(a) In the first case, represent the nniform velocil 
by M, and that produced by the accelerated motion 1 
V (=_fl!); then, if Vis the resultant velocity, 
V=u-i-v = u+fl; for a falling body V=u + gt. 




^- 4SL] COMPOSITION OF MOTIONS. 35 

;• The last formula applies to the case of a body pro- 
jected vith an initial velocity vertically downward toward 
: the surface of the earth from a point above. The 
^ resultant velocity is the sum of this initial velocity and 
that due to its accelerated motion caused by gravity (24). 
(b) In the second case 

V = u — V = u — ft; for Sk falling body V = u —gt. (2) 

The last formula here applies to the case of a body 
projected vertically upward from the earth with an 
initial velocity u; its resultant velocity at any moment 
is then equal tb the initial velocity diminished by the 
velocity due to the accelerated motion downward (that 
is, in the opposite direction) caused by gravity. 

42. The distance {s) which a body passes over* in a 
given time, in the above examples, is to be found by tak- 
ing the sum, in the first case, and the difference, in the 
second, of the space that would be passed over if it 
moved uniformly for the time t (19) with the velocity u, 
and that it would pass over independently in the same 
time in consequence of the accelerated motion (27). 

Therefore {a) 

8 = tit + ift^; for a falling body s = ut -{- igf. (3) 

And(S) 

8 =zut — ift^l for a falling body s =tit — \gf. (4) 
By combining equations (1) and (3), since F= u -\- ft, 
r' = u' + 2uft + pf=u' + 2f{ut + i ft') = tc'+2fs. 
Therefore 

F» = u' + 2/5; for a falling body V'=u' + 2gs. (5) 
In the same manner 
F' = w" - 2fs ; for a falling body F' = w' - 2gs. (6) 
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43. Oeometrical Eepresentation. It was showB, 

Art. 21, tliut tlio s])acL' [lassed oyer by a body moyij 
\inifurmly niuy be represented geometrieuUy by a ret 
niigle; and agnin, iu Art. 25, that the space described 
by a body moTing with nniformly accelerated motiou 
may be represented by a right-angled triangle. If now 
a body has an initial velocity in the same or opposite 
direction to that in which it begins to move with uui- 
formly accelerated motion, the space jiaescd over will be 
represented by a geometrical figure formed by the com- 
bination of the rectangle and triangle. 

For examjile, in Fig. 19, let AB represent the time 
(i), BC the initial velocity (w), also CE the velocity (p) 
acquired in this time and in the same direction asw; 
then will the whole spitco passed over be represented by 
the figure ABED, which is the sum of the rectangle 
ABCD (ul) and the trinngle I>CE {ivi = ifi"). 




Again, suppose the accelerated motion to be in a 
direction opposite to that of the initial velocity. Let 
AB (Fig. 20) represent the time {t}, and BC the initial 
velocity (k), also take OE to represent the velocity 
acquired (v) in the given time; then the apace descnhed 
will be proportional to the area of the quadrilateri 
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ABEDy which is the difference between the rectangle 
ABCD {ut) and the triangle DCE {ivt = \ff). 

44. Motion of a Body projected vertically upward. 

The three formulas obtained in Art. 42, which give the 
relations of the velocity, space, and time of a body which 
has an initial velocity in a direction opposite to that in 
which it tends to move with accelerated motion, have 
an especial importance. They are: 

V=U'-ft, s = ut-ift\ V''=:u'-2fs, 

For a falling body these are: 

V=u- gt, (1) s =ut - igt% (2) V' = u'- 2gs. (3) 

The relations given below are deduced from the last 
three equations, since the case of the body projected 
vertically upward is practically the most important, but 
all the results obtained may be made general by writing 
ffovg. 

1. Tlie Time of Ascent. From equation (1), it t = 

— that is, at the moment of starting — V = u, the initial 

velocity; as t increases V diminishes, and when gt =: u, 

u 
or t = —, then F = 0. That is, at a time after the 

9 

u 
stai-ting, expressed by ^ = — , the body will for an instant 

*/ 
come to rest. 

2. Time of Descent, If in the same equation gt is 

11/ 
greater than u, i.e. t is greater than — , the value of V 

y 
will be negative; in other words, the body will begin to 

descend. When it reaches the starting-point again, 

5 = 0, and therefore, from equation (2), 

ut - \qf = 0, and ^ = or — . 
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Tlio value ^ = corresponds obviously to the moment 

of starting, and / = — means that at the end of this 

time the body will have returned to the starting-point 

Tlie time of ascent and descent is then — ; and since 

9 

the former = — , the time of descending must be also 

«/ 

equal to — . 
9 
3. Heiglit of Ascent, At the highest point reached 

V = 0, and therefore in equation (3) 

= w" - 2^s, and ^ ^ ~2a' 

and this value gives the distance ascended. 

Tliis can also be obtained from equation (2); for at 

the highest point t = —, therefore 



8 = 



3 2 S 

u u w 



g ^ '^9' 



This equation is the same as (3) in Art. 27; hence the 
result here obtained may be stated in this form: A body 
projected vertically up will ascend to a height from 
which it must fall to acquire a velocity equal to that of 
its projection. 

4. Velocity acquired in descending. The time re- 

quired for the whole ascent and descent is — , therefore 
in equation (1) 

V = u — g . — z= u — 2tc = — u. 
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OP the velocity acquired in descending is equal to the 
initial velocity, but in the opposite direction. 
If in equation (3) we let s = 0, then 

F' = u*y V= -\- u or — w, 

which result corresponds to that just given. 

Furthermore, for any value of s there will be two 
different values of t from equation (2), corresponding to 
the time when it passes the given point on the ascent, and 
that when it returns to it on the descent. Also, at any 
point on the descent the velocity (equation 3) will be 
the same with the contrary sign as that on the cor- 
responding point in the ascent. 

45. Projected up or down an Inclined Plane. For a 
body moving up or down a smooth inclined plane with 
an initial velocity u, the relations are the same as those 
given in articles 41, 42, and 44, except that, as in 40, in 
every case we must write g sin a for g, 

Down. Up. 

V = u -\- g 8m ajy V = u — g sin a.t, 

8 z=z ut -j- ig sin a.t^, s = ut — ig sin aj^, 

V^ = u* -{- 2g sin a.s, V^ — u^ — 2g sin a.s. 

EXAMPLES. 

YL Bodies projected mriicaUy downwa/rd. Articles 41, 42. 

[The resistance of the air is neglected.] 

1. A body is thrown vertically down with an initial velocity of 
36 feet per second: Required (a) the velocity at the end of 7 sec- 
onds; (6) the distance fallen through; (c) the space passed over in 
the last second. 

2. A body is projected down with an initial velocity of 20 feet 
per second: (a) How long will it require to fall 594 feet ? (b) What 
velocity will it then have ? 
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3. What velociiy of projection must a atone have to resell tie 
lioltom e' a clilT 270 feet liigli in 3 Beconds ? 

4. ^^ilh wliiil vbloeitj miisi a etoue Iw thrown down the sliatl 
of a mine 556 feet deep iu order thai the sounil of its fall ma; be 
heard at the top after H seconds ! The velocity of sound is to be 
taken as 1112 feet per second. 

5. A body projected vertically down has a velocity of 315 feel 
per second at the end of 6 seconds: Required (<i) the velocity of 
projection ; <ft) tlie distance gone through. 

6. A body projected dowa passes over 133 feet in the fourth 
second: Required the velocily of projection. 

7. A slono is dropped from a. bucket which is descending a 
shaft at the uniform rale of 13 feet per second, and at the moment 
when the hucket is 338 feet from tlie bottom: <'i) UowfarwiD 
Ihey be apart in 3 seconds ? (6) When will the stone reach tlie 
bottom? 

8. A sand-bag is dropped from a balloon which is descending i 
the uniform rate of 2i feet per second; after 8 seconds it stril 
the ground: (ii) What was the height of the balloon ? (ft) How 
were they apart after 5 seconds ! 

VH- Bvdm prqject^ vertically upieard. Article 44. 

1. Tiio velocity of the proj-ection upward is 288 feet; Req' 
(a) the time of ascent; (h) of descent; (c) the height of ascent; ( 
the distance gone in the lirat and last seconds of asco: 

a. A body is projected up with a velocity of 192 feet J 
second; (") When will it ho 432 feet above the etarting.point 1 ( 
When will it be 720 feet below the starting.point 7 Sxplun B 
double answer in each case. 

3. A body is projected up with a velocity of 308 feet: How k 
after starting will its velocity be (ii) + 04, also (ft) — 64 aBd:i(j 
— 3T3 ? {The minus sign indicates downward motion.) 

4, What velocity of projection must a ball have in 
ascend just 000 feet ! 

5. What time docs a body require to ascend 3304 feet, 1 
being the highest point reached ? 

6, What velocity of projection is needed to make a body a 
jiiat 6 seconds ? 
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7. A ball thrown up passes a atagingOS feet from the ground at 
the end ot 1 second: (n) What waa the velocity of projection J I( 
the time is 6 sccouds {b), what ia tltc answer ! 

8. A body projected up passes oi^er 113 feet id Uic fifth second of 
its ascent; What waa its yclocity of projeciion 1 

9. A and iJ are two poiDts40feet apart in a vertical line; a ball 
is dropped from A, and at the same instant one thrown up from 
B wilU a Telocity = 80 feet per second : When and wliore will 
they pass each other f 

10. A ball U dropped from the top of a cliff, and at the sauio 
instant another is thrown up with a Telocity of 176 feet per 
second: (n) If they pass each other at the end of 2i tieconds, how 
liigh is the eliff ? (A) How far were they apart at the end of 3 
seconds ? (r) at IM end of 3 sccod<1» ? 

11. A ball is thrown up froni the ground with a Telocity of 138 
feet per secoud, and 3 seconds later another is thrown wiili a 
TelocityoflBOfeet: When and where will they pass each other f 

12. A bucket is ascending a shaft uniformly at a rate of 33 feet 
per second: What will be the apparent motion of a stone dropjied 
from it (it) to a person in the bucitet 't (ti) to a person on the side of 
the shaft opposite the initial point ? 

13. A balloon is rising uniformly at the rate of 98 feet per 
second: at the instant it is 040 feet from tlic ^Tound a saud-bag is 
dropped from the car: What will be the motion of the hag, 
when will it reach the ground, and oTcr what distance wiD it 
have passed 7 

Vin. Pn^ccted np or doan a smooth Inclined Plane. Article 45. 

1. The height of the plane is 114 feet, the length is 458, the 
Telocity of projection down is So feet per second; (ii) IIow long 
will it require to descend ? (b) What will be the final velocity 1 

3. The height and length are 144 and 578 feet respectively: (") 
What velocity of projection up ia required that it may j ust reach 
the top ? (6) What time will it taiie ? 

3. The angle of the plane is 30°, the Telocity of projection down 
ia 45 feet; Bcquired (a) the Telocity at the end of 4 seconds; (ij 
nance gone through ; {c) the distance in the las 
lie angle of the plane ia 80°, the velocity at pn 
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80 Teet pcTMComl! Required (n) the leoglh of time thebodyn 
continue to go up, (A) the diatance gone, and {e) the velocity at I 
cad of 3 aad of 8 eeconds. 

IX. Bodies printed agaiiuit Frietum. ArticleH 41, 43. 

[The retardation (or minUB acceleration) due to f rictiou takes I 

place of the/ in the formulaa of articles 42 and 44.] 

1. A body projected on a ra »gh horizontal plane lias at atartifl 
a velocity of 120 feet per second, but loses this at the rate of 1 
feel for euch succeeding second: (a) What \s the retardatiq 
(miniia acceleration) due to friction ! (J) When will the bod 
atop ? (c) How far will it have gone * 

2. The retardation due to friction is for each second 8 feet pi 
second for a, given sliding body, the initial velocity is 40 feet p 
second; Required (") the time it will continue to slide; (A) U 
diatance it will go ; (e) its velocity at the end of 3 seconds. 

3. A railroad-car. when the engine is detached, has a relocil 
of 15 miles per hour, the retardation due to friction la 1 foot-p« 
second per second: Ilowfaraad how long will the car c 

4. If the retardaliou of friction is 4 foct-per-second persecoi 
<a) What initial velocity {in miles per hour) must a body have 
order to slide just 968 feet t (fi) If the velocity is doubled, h( 
much farther will it go ? 

5. A body is projected up a rough inclined plane at 
lion of 30°, the retardBlion of friction alone i3 4 feet-per- 
per second; If the initial velocity is 400 feet per second, how 
and for how long will the body ascend ! 



Composition of Uniform and Accelerated Motion not wl 
the same Straight Line. 

46. CompoBition of Unifonn and Accelerated Hot 

If a. body tend to move in one direction with unLforn 
motion, and in another direction with accelerated i 
tion, ita acttud path is not a straight lioe, bn 
The same principle involved in the Parallelogram { 
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Velocities (33) makes it possible to determine the posi- 
tion of the body at the end of any given time (read Art. 
68, h, p. 68). For if one side of the parallelogram repre- 
sents, in direction and amount, the uniform motion in 
the given time, and the adjacent side the correspond- 
ing accelerated motion, the diagonally opposite point of 
the parallelogram will indicate the actual position of the 
body at the end of this time. In this statement nothing 
is said about the path which the body has described. 

47. Projectile. The simplest application of the above 
principle is to the case of the projectile. It will be 




FW. 21. 

shown that, if the resistance of the air be neglected, the 
'path of a 'projectile is a parabola. 

Suppose a body starts from A in the direction AD 
(Fig. 21) with an initial velocity u; at the end of t 
seconds, if no other motion were imparled to itj it would 
reach a point D, so that 

AD - ut. (1) 
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But from the instant of starting it falls verticall 

downward under the influence of gravity, with i 

formly accelerated motion. At the end of i secondi 

it hud no initial voloeitj, it wduid fall to B, bo t 

AB = i.jr. (2) 

Biit as shown above (46), as the body must obey hot 
tendencies to motion simultaneously, its actual positio 
at the given time will be at C, 

Si^uaring (1) and dividing by (2), we have 

AB AB iffl' - g ' 
or 

BC _ '■Zu^ 
. AB ~ g- 
Therefore the ratio of the square of the ordinate B 
{B'C, B"G") to the abscissa AB {AB', AB") is OM 
stant, and henco tlie curve is a porabola. 

48. PoBitioa of the Directrix, Axis, Focas. The lit 
AD (l''ig- 22) is a tangent to the parabola at A, the verl 





caWmG EAB is a diiimetcr. The constant value of lj 
is four times the distance from,] 
to the focus. The same relai 
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once obyious in the case of the parabola, whose equation 
is y' = 4cax (i.e. "5-- = 4a]; it may also be proved analyti- 
cally for this case, where the co-ordinates BB, AD are 
oblique. It is proved geometrically in a following para- 
graph (50, e). 

If AB is taken on the vertical line equal to ~, and 

EQE' be drawn horizontally, this line will be the direc- 
trix; and if from A on the line ^-F (drawn so that the 

angle EAD = DAF) we take AF — ^, the point Fh 

the focus of the parabola. The vertical line OML is 
the axis. 

If the direction of the initial velocity be horizontal, as 
in Fig. 23, then the starting-point -» J -p' if", ^"'^ 
A is the vertex, the vertical line AB ^ 
is the axis, .and the focus and direc- -b' 

trix are at distances equal to — from 
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A. This figure shows well, as does 
also Pig. 21, what is meant by the 
statement in (27), that in uniformly ^ 
accelerated motion the space is pro- 
portional to the square of the time. Here, if the sue 
cessive intervals of time are equal, 

AD : AD' : AD'' : AD'", etc., = 1:2:3:4, 
and 

AB : AB' : AB" : AB"', etc., = 1 : 4 : 9 : 16. 

49. The actual path of a projectile deviates widely 
from a parabola because of the resistance of the air, 
which is very great with high velocities, as that of a 
cannon-ball or rifle-bullet (perhajis IGOO feet per second 
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in Bt»rting). For tbis reason tbo maximum distance 
giiined, not by an angle of 45° {aa shown below), butt 
an angle of a little over 30°. 

A jet of water illoBtrates the subject of the project 
well, since each particlo may be considered aa a 
pendent projectile, and tbus the shape of the jet fin 
the continuous path. It shows, moreover, the deyiada 
caused by the resistance of tlie air. 

SO. Time of Fl^ht, B&nge, etc, In Fig. 2i the aogie 




ffAK is called the anffle of projection, and the he 
tal distance -4 A' is the range. 

[a) From the triangle AHK, AH = vt and J 
igf; also, 

AH vi 2m' 
2n sin a 



.: t = 



The value of t in (1) gives the time offiigU. 
(6) Again, 

AK =■ AHaa^ oc = wi.cos a; 
or, Bubstituting the above value of t, 
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Thia value A^ give* the range. Furtlicr, since sin 3« 
= Kin (180° — 3a) = sin 2(90° — a), it is obvious that 
for every horizontal distance there are two values of the 
iiigleof projection; viz., « and (ftO° — «). This is indi- 
c»fed in Fig. 25. The time of flight for the angle a ia 
2a ain a . 2m cos a 

—— — , and for (90° — a) it la . 

5 ^ ' 9 

The maximum range is ulitaincd when ot = 45° and 




3ar= 1, for the value of AK is then the greatest; 

this case the two paths of the projectile coincide, 
(c) Since the vertical component of the initial velocity 
M sin a, the actual vertical velocity of the projectile 
irill be given, for any time t, by the formnla (41) 

Y= : 



-gt. 



(3) 



W the highest point V 



ombining thia with (1), it is 
Bcent and descent are the same. 



0, and hence t — — , and 

9 
that the times of 
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the horizontal line AK is given, for any time /, as [t 
lows: 

CB = DB ~ DC = ut.^vaa - ^i/f. {i) 



For the highest point (M) I ~ - 



MN = 



, and hence 



This valuG is greatest when sin or = 1 .ind a = 90°, 
which case the parabola beconaea a double Etraiglit lii 
All the above results might liavo been obtained [ 
was (3) indeed] by the formuliw in articles 41, 43, on 
taking M gin a for w, s being tlie distance above or bell 
(— s) the horizontal plane. 




(e) We may prove geometrically the point mentioned 
in Art. 48 ; namely, that the distance from A to tlie 




stant value of the ratio of the square of the ordinate i< 

the abscissa {-j-rr- 

Draw the bne^J* {Fig. 26) so that the angle PJi? 
DAE; then, by the properties of the parabola, fchefofl 



IIJ 



l>»0./EOTltES. 



4d 



mast lie in tUs line; it must also lie on the axis OL, 
and hence will be at F, their point of intersection. Now 



AF = 



AL 



AL 



COS FA L cos (90° -2a) 
Prom equation (3) above, 

m' sin 2a 



AL 
sin 2 a' 



AL - iAK 



^9 



. „ «* sin 2a . . „ 
• •• AF = ^ -r sin 2a, 



^9 



or 



AF = 



u 



The line EOE' is the common directrix of all the 
parabolas described by projectiles having the same ini- 
tial velocity but different angles of projection. The foci 
of all these parabolas lie on the circumference of a circle 



having A as its centre and a radius equal to 



w" 



^9' 



51. The theory of the projectile may be further Ulustrated hy 
the case of a jet of water flowing from a lateral orifice in the ver- 
tical side of a reservoir (Fig. 27). By 
a principle of hydrostatics the initial /^__ 
velocity of flow is the same as that 
which would be gained in falling 
freely through the height from the 
top of water to the orifice (37) ; that is. 



u = 



V^lACy or AG= 



_ 

w 



Supposing now that the level of 
the water is kept uniform, the direc- 
trix will coincide with it, that is, 
AK ; the focus will be at -^, so that 




w" 



CA = CF =5 -qZ' Further, it may be readily shown that the 
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range 2>£ la tbeBame fur any two poinUtAken, as Cand C', i 
AC= C'A iind ntiiilly that tbe maximum distance Jifia gained 
by an aperture in the middle at B. and ia equal to AlM,=ZAB). 

EXAMPLEa 

X. Pri^eetOea. Articles 47-51. 

[The resiatance of the air is left out of account. ] 

1. The initial velocity of a projectile ia 160 feet per second, am 

the angle of elevation is 30' : Requireii (a) the time of fligiil; (i) 

the range: ('') tlie bigbest point reaclied, 

5. Wiien will the ball in oxainpic 1 be 06 feet above the ground? 
Explain the double answer. 

3. Tht initial velocity is 320 feet per second : What angle of 
elevation will give a range of 800 feet? Show that there are two 

4, The angle of elevation ia 15': What initial velocity is re 
quired that the range should be .4 nillus ! 

fi A riHe-baU is shot horizontally from the top of a tower 101 
feet high, and with an initial velocity of 1300 feet per Becaad; 
When and how far from the base of the tower will it strike Ittf 
horizontal plane below } 

6. A ball is thrown horizoDlally from the top of a cliff abOTO ■ 
the Bca; it strikes the water in 5 sceonda and at a horizontal di»-j 
tance ot a mile: What was (u) the initial velocity, and (S) wWj 
was the height of the cliff t 

1. li (Fig. 37) apertures are made at two points S6 feet tHMl 
the top and bottom of the reservoir respectively, the whole half ' 
being 136 feet, what will be (a) the horizontal distance reached lf| 
the water in each case, and what (b) the initial velocity J 

8. A stone is dropped from the top of a railroad-car, 16 ti 
above the ground, and when it is moving at the rate of 40 in 
per hour. What will be its apparent motion (n) to a person oadl 
trun, (5} to one atanding by the track J {e, dj When and WU 
will it reach the ground T 

9, At what angle of elevation must a projectile be flred in oi 
that it may strike an object 2.6U0 feet distant on the same hod 
Koutal plane, the velocity of projection beiag 400 lent per at 
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CHAPTER II.— DYNAMICS. 

62. The preceding chapter waa devoted to the sub- 
ot of KiN"EMATiC3, or the diBcuHsion of the motion o( 
}dies without reference to their niiiss or to the force or 
ircea which cause the motioit. These latter eubjecta, 
iclnded under Dynamics, or Kinetics, are considered 
the present chapter. 

Mass — Density^ Vo luvn e — Momen turn. 

S3. UasB or Aaiintity of H&tter. Tlie mass of a lody 

t the quantity of matter it contains. 

The relation in mass or quantity of matter, of difEer- 

bt bodies of the same substance, and of uniform 

ensity (as defined in B6), ia obviously given by the 

itio of their volumes. For example, tlio miiss or 

tantity of matter in a hundred cubic feet of iron is 

D times that in ten cubic feet. For bodies of nniform 

insity then: the mass is proportional to the volume. 

In general, however, for bodies of different substances 

is possible to compare their masses only &s the effect 

t ft known force upon them ia observed. Thus, we 

idge ronghly a^ to whether a barrel is empty or full, 

id, in the latter case, as to tlie nature of the contents 

^ noting the degree of resistance which it offers to a 

force tending to move it; A.y., a push or a kick. Simi- 

larlyj if a ball of wood and another of the same size, of 

lead, attached to fltringa of equal length, be whirled 
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aronnd at the same rate, the pull of the lead upon ths 
centre will be the greater, and wo form a rough estimate 
OS to the relation of mosa in this wuy. Could the puU at 
the centre be exactly mea-sured under precisely the Bame 
conditions in eaeli caae, by means of a, spring, the result 
would give the true relation of mass. 

Still, again, could the yelocities given by the B 
force to two bodies in equal times be exactly determined, 
their ratio would gire also the ratio of the masses of tha: 
bodies. No one of these methods of estimating thai 
mass can be conveniently employed in practice. 

54. HasB determined by Weight The simplest esA 
at the same time most accurate method of comparing 
the masses of two bodies is by their weigfti, for tlie 
weight, or measure of the earth's attraction upon then 
determined by the balance, is, as proved by various ex 
periments, proportional to the mass. Take two bodia 
of the same material, as two lumps of lead: if the w 
of the first is twice that of the other, then it ia easyti 
see that its mass, or the (|uantity of matter it conta 
is also twice as great. But this ia true in general: 
two lots of loud and cotton, the bulk or volume of ihi 
latter may be much greater than that of the other, 
if they have tlie same weight they have also the sa 
mass; and if the weight of the lead is ton times that q 
the cotton, its mass is also ten times greater. 

Mass may be measured then by iveight, and, in ori 
nary langiiage, the latter word, expressed, for ezamjd 
In pounds, is used as standing for the mass. IntJ 
sense, i/ie unit of weight, ike pound, may ie taken t 
also the unit of mass (sec articles 71, 72). 

Bnt the weight Is also used as a measure of the ft* 
of gravity and of other forces compared with it.- 
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it mnst be carefully noted here that tlie term weight is 
employed with two distinct meanings, which should not 
be confounded; namely — 

(a) As a measure of the mass or quantity of ititttter in 

ia given body. 

I (i) Ab a measure of force by refcreiicu to tho force of 

. gravity. 

65. Sistinctioa between Mass and Weight Although 
the weight of a body may properly stimd for its masB, if 
their true relation ia nndcrstood.the two terras are not 
identical. Tho mass or quantity of matter of a load 
ball is tho same wherever it is situated ou the earth's 
Bnrface; hut the weight, which may bo registered on a 
Bpring-balance, ia slightly greater at the poles than at 
the equator. Again, at the surface of the sun the force 
of attraction on the same piece of load, registered as 
before by the stretching of a spring, would be about 
twenty-eight times greater than on the earth. Still 
further, if we conceive of it as at a point in space far 
away from attracting bodies, there would be no sensible 
pull on the 8])riug, nothing to correspond to the terrestrial 
weight, but the mass would be everywiierc the same. 

56. Kelation between Hass, Density, and Volume. 
The density of a body is the mass or quantify of matter in 
the unit of volume. In comparing different bodies tlie 
density of water at the temperature of 39.3° F. (-1° C.) is 
■generally taken as unity ; the fact that the weight — that 
is, the mass — of a given volume of lead is Hi times, or 
of iron 7 times, that of the same volume of water is 
expressed by saying that the density of lead is llj, and 
of iron is 7. A body is said to be throughout of uni- 
'form density when equal volumes, however small, have 
the same mass. 
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In Art. 53 it waa sCuted tltat for bodies of unifoni 
fldisity tlie tniws is proportional to tlie rolame. It a 
fiillowi! that fur bodies of equul volume the meu» U p 
piirlional to the densiti/. 

Thorefore, in general, the mass (Jf) is proportion! 
to the proilnct of the Tolume ( V) and deositj (if).M 
Thia may be espressed mathematically in this form: 

MccDF; thati.. ^=^^; 



and 



U' 



67. Homentnm. The mamenliim of a body is eqtudb 

the priiditct of the inasn and voioeity. Two bodies o" 
the same mass, and moving with the same velocity, haWC 
obvionsly the siime momentum. If those two bod 
were joined together, still retaining the same velocity a 
before, the momentum of the two together asawholn 
would be twice that of either of them separately, 
general, of two bodies having the same velocity, if tJ 
mibjs of one is tive times that of the other, its momentm 
will bo also five times as great; or. 

If the velocity is constant, the vwmentum is pro 
tional to the mass. 

Again, suppose two bodies of the same mass, bat <i 
moving with twice the velocity of the other, its mom 
turn will be also twice as great; or, io general. 

If the mass is constant, the momentum is propor 
io the velocity. 

The LNiT OP M0MEJITU3I is the momentum of a 
of unit mass, moving with the unit velocity of one footp* 
second, A body whose mass is M and whose velocitjrjj 
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V has a momentum eiimU to the product of tho maBs 
into the velocity, or 

Momentum =■ Alt', 



XI. M<iM — Denaity^Volume. Article 66. 

1. The masses of two bodies arc as 3 to 7, and tlicir dc:n£[tiea as 
Q to 5: Wlini is the mtlo of Ihelr vcilumes ? 

2. Tlie musses of two bodies are as 5 to 6, tlielr volumes as H to 
What is \\m ratio of their deneitJeB ? 

S. Two bodies of the same muss have densities ns 8 to 0: Wluit 
k their ratio in volume ? 

What is tlic ratio in Tolumc of a piece of silver welgliing 
SO lbs. and baviug a density of 10. 5 (rtferred to water as unity), 
And a piece of iron weigliing 6 lbs. and having a density ot 7 f 

S. If B cubic foot of water weighs 02.6 lbs. (density unity), what 
b the weight of a cubic iacli of mercury, density 13.6 ? 

What is the ratio in weight (that is , in uuiss) of two blocks of 
Htone, one having a volume of SO cubic feetand a density of S, the 
oilier n volume of 45 cubic feet and a density of 2.T5 ? 

If a liter (1000 cubic centimeters) of water wciglia n kilogram 
(density unity, tcmparalure 4° C. — 39.3° F.), and a cubic centi- 
letpr of another liquid weighs l.l grams, at the same tempera- 
ture, what is the density of the latter liquid 1 

a. If a cubic fool of fresh water weighs 62.5 lbs., and of salt 
Water 64 11h., what is the density of the salt water * 

Kinds of Forces — Force of Gravity. 

SB. Definition of Force, A force is that which moves 
fir tends to moae a bo<1y, or which changes or tends to 
chanijii its iitoHon, either in direction or quantity. 

In view of the fact, before esphiincd (11), that all 
l)t}dieB of wlilch we havo any knowledge are iu motion, 
'the oompletenesa of the definition would cot be im- 




66 dvnam:o3. [w 

paired by the omission of the first clanse. It is, ho'ip' 
ever, convouieiit to consider the eartli and ti31 hoStt, 
wliicii do not change their position with reference to it 
as at rest, aad the dcfinitiou conforiua to that ideik. 
Further, the word " tend " is added beeauso the aetioa 
of one force may bo nentralized by that of one 
opposing forces, so that the motion which it tendi fe 
produce is not observed. For example, a book resting 
on a table tends to fall to the ground under the action 
of the force of gravity, but an equal opposite force, t 
resistance or reaction of the tab'e, keeps it at rest. 

59. Continued and Impulsive forces, A force is Bf 
to be cimtimted when its action continues an appi'eciaUfl 
length of time. It is wifonnhj coitlinued, or cott- 
slant, when its intensity is always the same; this is tm^ 
of the force of gravity ut a given point on the oartVff 
surface. A continued force is variable when its in* 
tensity is di3erent at different times, aa the force of 1 
watch-spring, whose intensity diminishes as the Bpa^ 
ttnwinda. 

An impulsive force is one which acts through so shoi 
a time that the law of its action cannot be determined 
and we ai-e limited to considering its effects after i 
action has ceased. This is true of the blow from i 
on a ball. Such a force, however, is not strictly i 
stantaneoua, but one whose intensity is very great am 
varies during the brief time of its action. There ii 
seqnently no essential difference between the two ela 
of forces. 

60. Effects of Force upon a Free Body. A continna 
force tends to produce acwlcriLtcJ motion in the bod 
acted upon. If the force is uniform as well, it tends 
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give the body nniformly accelerated motion, This is 
jimctically the motion of a body falling towai-d the earth 
under the influence of the nearly constant force of 
gravity (but see Art. 64). Therefore, if the accelera- 
tion produced by a constant force is / {for gravity g), 
the relationB between the velocity acquired {v) and 
space passed over (s) in a given time {I) are expressed 
by the familiar equations (from Art. 27): 

V = ft. For gravity, v = gt, 
s = ifl', s = iffi\ 

w" = 2/s. w' = 2ys. 

The motion of a body acted upon by an impulsive 
rce tends, after this force has censed acting, to be 
nniform, as a ball struck along the ground by a bat. 
Tliis is true, indeed, of any body in motion, and, as 
explained in Art. C7, is a consequence of tlie fij-st law 
of motion. 

The presence of other opposing forces may modify the 
effect of the force considered. For example, a stono 
tlirown vertically upward, and which consequently tends 
to move uniformly in that direction, baa in fact re- 
tarded motion heeanso of the continued and simul- 
taneous action of the force of gravity downward. So, 
too, a ball rolled along the ground, as a matter of ex- 
])erienc6, soon comes to a state of rest because of the 
opposing force of friction, 

61, Eqnilibrimn. A body is said to be in equilibrium, 
^witb respect to two or more forces, when they neutralize 
each other so that its condition of rest or motion is not 
affected by them. The book mentioned in Art. 58 is 
im example of equilibrium. But equilibrium does not 
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Decesaarily imply the rest of the body in question, 
example, a ball rolling on a perfectly smootli horizonl 
surface is in eqiiilibnnm with respect to the two 
and opposite forces — the action of gravity and the 
action of the surface. The same would hold true hoT- 
ever many forces were involved if they, taken together, 
did not affect the motion of the body. Equihbrium 
strictly implies simply aljaence of acceleration. 

82. Examples of Forces. The first and simplest con- 
ception of force we derive from muscular esertion, u 
we note its effects in different ways. With it we join 
all other agencies whicli produce similar effects in 
changing the motion of bodies, as gravity, cohesion, 
electrical attraction and repulsionj and so on. 

63. Force of Gravity, The force of gravity is mani- 
fested in the attraction which the earth exerts on a mas 
nt matter near its surface, and which causes it to fall, or 
■.«nd to fall, toward it. This is a speciid case of the 
universal law of gravitation, established by Newton, and 
iGGordiog to which 

Svery partieU of mailer attracts and ia attracted Jj 
aoery other particle with a force wMcli varies directly at 
the product of the masses and inversely as tlte square of 

,, .., „ MAf' ' 

t/iB distance. J- <x — ;;— . 

A stone, therefore, as truly attracts the earth as it S 
attracted by it; so, also, the earth attracts and is attr 
by the moon, the sun, aiid the other bodies of tl 
system. In terrestrial mechanics, however, we 1 
do simply with the attraction of the earth upon I 
on or uear it, and as its mass ia indefinitely g 
QomporisoD, the reciprocal attraction is left i 
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Jconnt. Therefore, since the mafia of the earth is con- 
ant, the force of its attraction on any body Taries 
ireotlyaa the mass of that body and inversely as tho 
[Bare of its distance from the earth's centre ; that is, 

'°^-p- From this, it follows that for a given body 

W force of attraction varies invei-scly as the square of 
10 distance ; and for different bodies at the same dis- 
aice the force is directly as their masses. These two 
lints are expanded in articles 64= and 65. 

Tbe nttrnclioQ butween different bodies, although n fori.'c □( 
Mil intenaity where Iheir tnatveK aru smHll. niiiy tm demon- 
Wed in other ways than by the fall of a body to the earth. 
it illustraled by the deviation from the ueual perpendicular 
tiUon, which is observed when a ^all bung by ti strlag ib 
Suspended near an Isolated mountain. ExpcrlmeDting in thia 
Way, Dr. Masltelytie found (he iingle of deviation for two plumb- 
liQiiS, placed on opposite sides, north and muth, of Mt, Bchehol- 
in Scotland, and at a distaneo ot 4000 tc'Cl from eidi other, 
IS secondE. From this result the mean density of Ihe earth 
calculated to be atmut 5 limes that of witter. 

attraction baa also been shown by Cavendish in a more 
Plicate manner, by means of the torsion Italance. Two small 
lialls of lead were attached to lbs ends of a slender wooden rod 
»hjch was supported at the centre by & Snc wire of considerable 
iength. Two larger balls were tlicn npproncbed lo the small ones 
Uid on opposite aides, so that their effect was felt in the sBme 
lirection. Tlie result was that the small balls were attracted by 
^be larger ones, and the rod supporting Lhem deflected from its 
iriginal position of rest. The angle of deflection showed tho 
unount of Iho torsion (or twist) of the wire, and this measured the 
ntenuty of the attracting forces. By comparing tbe attractioos 
>f theae balls with that of the earth. Cavendish calculated the 
density of the earth to be 6.15. 




F a -^, This law means that if the distance from 

attracting body be increased two, three, or ten times, t 
force of attraction it exerta on another body ia J, Jj 
■j-Jj respectively; if tlie distance is diminished to |) 
and so un, the force of attraction becomes 4 times^ 
times, etc., greater. 

Two consequences, of importance here, follow f 
this principle: 

(a) The atti-action of the earth is sensibly conBtant 
a given locality and for the different heights above I 
surface involved in ordinary observations. 

This attraction may be proved to be exerted aa it \ 
whole mass were concentrated at a point at or near t 
centre, called the centre of gravity. If now we calH 
radius of the earth in round numbers 4000 miles, tlie i 
tances from this centre for two bodies — the one at the b 
level and the other a mile above — will be 4000 and * 
miles respectively, and the ratio of the forces of attraotj 
will be, as above, 4001* ; -iOOO'; but this difference il 
small that it may often be left out of account. 
accurate physical hivestigations, however, this differ 
can by no means be neglected. Indeed, it shonU 
most carefully noted that while gravity is here s 
be sensibly constant, it really varies uninterruptedly 
the distance from the centre increases, and is not a" 
lnt«ly tbe same for two points, one of which is a \ 
above the other. 

If we imagine a body to pass from the surface toi( 
the centre of the earth, it may be demonstrated that 
attraction will- diminish, and if the earth were h« 
geneons, in the same ratio as the distance from the i 
tre diminishes; at the centre the attraction is zero. 
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L (6) The force of attraction is least at the equator and 
^'—eaaes toward the poles, 

'he earth having the shape of an oblate epheroid, the 
IT diameter is about 36 miles ehorter than the eqiui- 
1b1, and hence, aa It may be demonstrated, the force 
ifattraction is greater for a bodj at the polea by jIj. 
To this cause for the variation of the intensity of the 
» of gravity ia to be added a second, the rapid rota- 
B of the earth on its axis. The effect of this cause to 
1 the gravitation is greateBt at the equator, and 
m iesa as we go from it, and liecomes zero at tho 
a (80). On this account, tlien, the attraction is 
later by j^ at the polca than at the equator. As the 
lilt of the two causes taken together, Iho force of 
[?ity at the pules is about y^ greater than at the 
Thus the weight of a given mass of matter, 
which the pull of the earth may be measured, in- 
isea as we go from the equator northward or south- 
d toward the poles. This difference eould he noted, 
example, by observations with a sufficiently delicate 
ing-balance, and would amount to about 1 lb, in 
lbs. This difference is left out of account in ordi- 
J commercial transactions, but cannot bo neglected 
ItjSical problems where accuracy is required. 

B force of gravity also varies somewhat for differ- 
points on the earth's surface in eonsoqucnco of varia- " 
lain the density of the material of the earth. This 
t is expanded in a later article (350), whero the 
aol g for different points are also given, 
ly Again: (3) T/ie attraction of the earth on bodies 

■ distance is proportinnal t^ their 
t Jt. Hence the acceleration given to a falling bodyjl 
ibe earth's attraction is independent of its n 
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For example, two pieces of lead of widely differing 
weights, or u piece of letLd and a feather, fall the eaiiie 
didtauce toward the earth in the same time uud gain the 
aame velocity (that is, :jd feet, per second for each second). 
But the experiment succeeds only when ull disturbing 
causes — e.g., the resistance of the air — are removed, ae 
that ail exhausted receiver must be employed. As % 
matter of experience, in comparing the fall of a smaff 
and heavy body and of a larger and lighter one, tlw 
former will fall the faster under ordinary condition^. 
but this ia only because it feela leas the resistance ot. 
the air. 

The fact here mentioned is hased upon the aboTf;; 
law, and is what a siiii]»le consideration would lea$ 
us to expect. Suppose several small. 
• ^ • ■ • t shot ae those at a (Fig. 28); it i| 

Fio. S8, obvious that under the eaj'th'a at^ 

tractioa they would fall together, keeping their relati?»( 
position wi-h reference to each other, and reaching the 
ground at the same time and with the same velocity. 
If now we suppose them rigidly connected, but thai 
positions unchanged, they would form a mass 5 tb 
greater than a single one (as b), and attracted by a fort 
also 5 times greater; they would still fall together, on 
the acceleration of this miias and the single one woiil 
be the same. This course of reasoning might be e^ 
tended to any two bodies, however unlike in maes. 
force of attraction increases always in the 
that tlie number of particles, or the mass, of the 
attracted increases, and hence the effect of the 
attraction must remain constant. 
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EXAMPLES. 
XIL J/bree of Ormitu. AcUcleB 63, 64, 65. 

1. At what dielBDce from tbe centre of Ibe L-artb would a mass 
of matter weighing 32 lbs. on the eurtli's surface exert a pull 
equivalent to 1 lb. on a spring-lniJance 1 

2. If the mass of the sua is 350,000 (imea lliat of [be earlb. ni-d 
its diameter 112 times, what is the acceleratioD of gravity at its 
surface ? (see also p. 67} 

8. If the moon's mass is (>„ of thai of llie earlh, and ila diameter 
SISO miles, that of the earth heAug about 7900 milen, wliat is the 
BcceleratJon of gravity on tlie moon's surface t 

4. If the aceeleralioQ of gravity on the surface of Jupiter is 
2.62 times f, and its diameter 11 times that of the earlh, what is 
their ratio in mass ? 

5, If the value of g at the equator, at the sea-level, in 33.006, 
what is its value at the summit of a mountain in lalitudi^ 0^ al an 
altimde of lfi.840 feet 7 The equatoriai radius is 8963,3 milea. 



Newton's Laws of Motion. 

66. LawB of Hotioa. The three hius of motion, aa 
stated by Newton, ivi'e: 

(I) Every body continues in a state of rest, or of uni- 
form motion in a Etruight line, except in so fur its it may 
be compelled by impressed forues to chutige tliiit state. 

(8) Change of motion is iiroi>ortionul to the impj-essed 
force, and takes place in the difectiou of the straight 
line in which the force acts. 

(3) To every action there is idways an equal and eon- 
trary reaction; or, the mutual actions of two bodies are 
always equal and opposite iu direction. 

The truth of those lawa is established by observation 
iriment; it is foand that all legitimate couclu- 
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Biona deduced from them are in barmony with the ob- 1 
served facts of nntin'e. 

67. The FiKsT law asserts whiit is sometimes called * 
the inerlia of mutter; in other words, that mutter alone 
is jwwerless to change its state either of rest o 
These points may be considered separately. 

(«) The tendency of a body at rest to remain in thia 
condition is universally recognized; it is alwaj-s miiiii- 
fested by the apparent resistance which such a hodj 
offers to a force tending to set it in motion. This 
apparent resistance of heavy bodies has nothing to do 
with that caused by other opposing forces; e.g., friction. 
It increases, as stated in 53, with the naasa of a body, 
and, as esjilained under the second law of motion (68), \i 
due solely to the fact that in such cases a force must 
continue to act through a certain time in order to inu J 
part sensible motion. For example, suppose a heayi 
fly-wheel of an engine free to turn on its axis vithonij 
friction, or a heavy cannon-ball suspended by a stnn^jl 
of great length, or a massive iron door well poised ( 
its hinges; in all such cases the hand in trying to ja.cn 
the bodies seems to encounter resistance, which i 
presses the inertia of the body, or its tendency ' 
remain itt rest. The only real difference, howeva^ 
between the bodies named and a light body moved ti 
a touch arises from the greater mass involved in f 
former case; both alike have inertia. 

This inertia, or resistance to motion, is a propOTtyji 
all forms of matter ; ifc is manifested by the water yf\n " 
a boat moves rajiidly through it, and hy the air yrh'Si 
one is driving or running rajiidly. 

(5) The application of the second part of the lava 
equally familiar, although it ia impossible to giye I 
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experimental proof of its trath. It requires that a ! 
body once in motion sliall — unless acted upon by some 
force tending to change its motion — continue to move 
forever uniformly and in a straight line. This tendency 
toward continuance in a state of motion is seen in the 
apparent resistance that bodies in motion make to a 
force tending to stop them. We observe, also, that if a 
carriage in rapid motion is euddeiily stopped, the per- 
sona occupying it are thrown violently forward; so, too, 
if a person steps off from a train in rapid motion, his 
body tends to keep its forward motion, and when the 
motion of the feet is arrested by touching the ground, 
the rest of the body is thrown forward and a fall is the 
result. 

But a body in motion not only tends to movo on uni- 
formly, but also in a straigfit line. Hence if we observe 
a body moving in a circular path, as a stone attached to 
a string and whirled about a cent]-e, we are justified in 
concluding that a force is continiially acting to deflect it 
from a straight line. If the string to which the stone is 
attached breaks, the stone flies off at a tangent to its 
former course. So, too, of the earth: it moves about 
the sun in a path nearly circular, its tendency to move 
in a straight line being overcome by the continued 
attraction of the snn. 

The tendency to uniform motion in a right line is all 
that can be observed; for, as stated above (60), uniform 
motion in a body not acted upon by any force is alto- 
gether contrary to experience — any body, once set in 
motion, sooner or later comes to rest. But in every such 
case it is possible to trace the more or less rapid loss of , 
motion to outside causes; the most universally present J 
friction, or the resistance to motion due to the rough-f 
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nesses of the siirfacca iu contact, and the resistance c* 
the flir, which last is an important element in the c 
of rapid motion, as that of a bullet. 

The truth of the law ia argued from the ohserved fact 
that, in proptjrtion aa these opposing forces are removedj 
the motion continues longer and longer. A ball, which 
with a given impulse will roll a certain distance on i 
horizontal surface of turf, rolk farther on gravel, farthtf 
still on a marble floor, and still farther on a sheet of ice, 
So, too, the time which a pendulum, once set in motion, 
will continue to vibrate without additional impnle 
heoomcB longer and longer as we remove the friction o 
its axis of support, and the resistance of the air l 
placing it in an exhausted receiver. The case of tt 
earth is the most perfect illustration of this law, fori 
moves on in its orbit with a mean velocity that the n 
accurate observations can hardly prove to vary, althougi 
it is receiving no forward impulse; the sun's attraction 
as explained above, only serves to keep it in its nearl 
circular orbit. 

68. The SECOND law of motion assetts (a) that t 
change of motion is proportional to the impressed foro( 

By motion is meant here momentnin, or the prt 
duct of the mass and velocity, as defined in Art. 65 
The law consequently asserts that the change of mo 
mentum iu a given time is proportional to the foro 
which acts, and hence, aa explained in 11, this chang 
of momentum is a measure of the force. 

Let F represent the force, M the mass of the I 
moved, and / the velocity given to it in o 
(the acceleration). Then Mf is the momentum f 
ated in one second, and by this law F is proportional t( 
Mf; that is, F is equal to Mf multipUed by s 
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sfcant ntunber; if snitable units are taken^ this constant 
becomes nnity^ and then 

F^Mf. (1) 

If the force acts for t seconds with uniform intensity, 

then its effect will be proportional to the time (= Ft)^ 

and the velocity given to the body at the end of this 

time will be ft or i;. Hence, with the same provision 

as above, we have 

Ft = Mv. (2) 

In the case of gravity the momentum generated in a 
given time — ^that is, in one second — is Mg. But since 
the weight of the body, expressed in standard pounds, is 
proportional to the mass {M), and also to the accele- 
ration of gravity {g), the weight is also proportional to 
the product Mg\ if a suitable unit of mass is taken, we 

may write 

W = Mg, (3) 

or 

W 
M = ~. (4) 

The expression in equation (4) is the value of the mass 
in terms of the weight in pounds which is ordinarily 
employed in Mechanics. 

From equation (2) the following principles are de- 
duced: 

1. Tlie velocities given in the same time to different 
bodies of the same mass are proportional to the acting 
forces. That is, if forces whose intensities are as 1, 2, 3, 
act on three bodies of equal mass, the velocities gene- 
rated in the same time will be in the ratio of 1 : 2 : 3. 
For example, the intensity of the sun's attraction at its 
surface is about 28 times, and of Jupiter 2. G times, that 
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of the eartli; therefore the Telocity acquired at the end' 
of one second by a falling body, on the eun, on Jupiter, 
and on the earth, will be respectively 28 X 32 feet per 
BCM)nd, 2.6 X 33, and 32. 

2. If equal forces act upon bodies nf different 
for the same time, the velocities will be inversely propor- 
tional to the masses. A force which would give a body 
of mass 1 a velocity of 12 feet per second in a certain 
time, would give a body of mass 3 a velocity of only 
4 feet per second in tho Bame time. This principle 
shows the reason why a "heavy" body — that is, one of 
great mass — seems to off"?r more resiBtance to motion 
than a lighter one. For suppose the ratio in mass to 
be 10 : 1; then the same force acting upon the heaiieT 
body wiSl give it in the same time tJie same momentam, 
but only -jV the velocity. In other words, it must aat 
throngh ten times tho length of time in order to gene- 
rate the same velocity. 

Again — 3. To give bodies of different mass the smt 
velocity in the same time, the forces mnst in each cast hi 
proportional to the masses. Aa explained in 65, this is 
true of the force of the earth's attraction, which gives to 
all falling bodies at its surface the same acceleration. 

Finally— 4. If equal forces act. upon bodies of equA 
mass, the velocities generaied will be proportional to the 
times of pction. 

(5) The second law also states that the direction ol, 
motion is that of tho impressed force. When a foroe 
acts upon a material particle at rest — that is, a porti( " 
of matter so small that its dimensions maybe left out 
account — the truth of this law is evident. If a body 
acted upon, it will in general take the direction of tl 
impressed force only when the line of its action 
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trough a point in it called the centre of inertia. When 
|lia is not the case, ae when s ball is struck upon its 
ide by a bat, there is a tendency to rotate, and the body 
loves in a direction which varies more or IcBsfrom that 
the force. 

In general, if any number of forces act upon a body, 
lis law will hold good for each of them aa tbougli the 
ihcrs did not exist ; or the efEect upon the body, as re- 
",rd8 quantity and direction of motion, at the end of any 
me, is the same as if the forces had aetod each through 
.6 same time in succession. 

So far as it relates to the direction and rate of motion 
l^is is projjerly the basis of the Parallelogram of Veloci- 
Hes, explained in Art. 33. For example, in the cross- 
ing of the stream by the uniformly moving boat (3C), 
|RH;h motion goes on independently, uot modified by the 
udstence of the other, although the position of the boat 
%t any moment depends on the action of both. Again, 
Svery motion goes on aboard a steamboat indifferently 
whether the boat is or ia not in motion: a ball thrown 
ip by a person standing on decTi; falls again to his hand, 
ind if dropped from the top of the mast fails at its foot 
I Becond or two after, although the motion of the boat 
iiay have been rapidly forward all the time. So, too, a 
Sfle-ball fired horizontally from a window, and another 
iropped vertically down at the same instant, reach the 
;ronnd in the same time (allowance being made for the 
Bsistance of the air). In ea«h case the forward and 
lie downward motions go on independently of each 
ther. 

. 69, The xHian law ia sometimes briefly stated in this 
Krm, that; The action and reaction are equal and con- 
ary. 
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The general U:rta ntrtt* is employed to eipresa the n 
lurlioD bctwi«n two l>odic9. for the astlon of a force alTiJ'i 
implk's I"vi IxHlEes, unil tliln law affirms that the action of tl 
is cxiiclly i-quul to thu reactioa of the other. 

Tliis law is true whether the force is cxert«d as pres- 
sure, as a pull or teiiaion, or as a blow. 

(n) PrtxsKrn. For iiistance, when the hand pressM 
aguiust tho wall, a coiitrai'y and equal reactiou is esorted 
hy the wall. A weight, exerting pressure on a support, 
encounters an equal return pressure upward. 

(6) Tension. For example, a ten-pound weight, hang- 
ing bj" a string, exerts a pull of 10 lbs., and the reacUott' 
of the hook to which the string is attached is also 10 lb&. 
Also, if a horse drags a heavy load by a rope, the load 
pulls back an amount equal to that which the horsi 
exerts. 

{c) Blow. When a hammer strikes a nail, the reaction' 
is etpial and contrary. Again, when a cannon is fired 
off, the recoil of the gun and carriage is due to the 
reaction equal to the action in driving forward the shot. 

The third law of motion, taken in its broadest sense, 
is true only when the :ipparent loss of mechanical energy 
on impact is allowed for, as explained later (108 et scq.). 

70. Collision of Inelastic Bodies. It follows from the 
preceding article that: When several bodies cmae into 
direct eoUtaion, ike momentum of the whole system before 
and after impact is the same. 

Suppose two inelastic bodies whose masses are M and 
m, and whose yelocities are V and v; the momentum of 
the first is MV, and of the second is viv. («) If they 
are moving in the same direction, the momentum of thi 
two is 

MV+me. 
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If now the faster-moving body overtakes and impinges 
upon the other, the two after impact will move along 
together with a velocity v' less than V and greater than 
v'y the momentum of the two together will be 

{M + m) v', 
and by this law 

MV '\-mv = {M -\-m) v'. (1) 

{b) K the two bodies were moving in opposite direc- 
tions, then the momentum of the two moving separately 

is 

MV — mvy 

and after impact of the two together, 

{M -\- m) v'; 
and, as before, 

MV - mv = (M+m) v'. (2) 

As an example of this, suppose that a rifle-ball weigh- 
ing one ounce and moving with an unknown velocity v 
strikes and penetrates a body whose weight is 10 lbs., 
and that after impact the velocity of the mass of wood 
with the imbedded ball is i;' = 8 feet per second; then 

iV X V = (10 + ^ij^) X 8. 

From which it may be calculated that v = 1288. 
This is the principle involved in the ballistic pendti In ni; 
the velocity after the impact is determined, however, 
not directly but by calculation from the height to 
which the mass is raised {v^ = 2gh). 

If the impinging bodies are perfectly or imperfectly 
elastic, the conditions are changed, and a factor express- 
ing the degree of elasticity (coefficient of elasticity) 
must be introduced. The discussion of these cases lies 
outside of the scope of the present work. 
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EXAMPLES. 
XIll. CidOnwii of IwUMk- B-fiiat. Article 70. 
[The bodies are eupposetl k) l>e perfectly inelastic, and thdr m 
tiua is uniform; tlic impact is direct, nut ublique.] 

1. A ball weighing 10 lbs. «u<i having a velocity of 18 feol 
per second overtakes a second bsill weighing 5 lbs. and wlioee 
velocity is 8 fuel per second : What in Ihe final velocity ? 

a. If the first ball In the preceding esample meets the second, 
what is the final velodty ! 

S. A body 'neighing 40 lbs. strikes another at-rest weighing 3W 
lbs., and the two move on with a velocity of 3 feot per second; 
What was tlie original velocity of the first ball ? 

4 Three bodies, each weigliing 4 lbs., are sitnated in a BtrdgM 
line; a fourth, weigliing 8 lbs. and moviog at a rate of IS feet per 
second, strikes tbem in siiccessiou: What velocity results afior 
each impact T 

5. Two bodies moving in the some direction at the rates of 8 
and 10 foot per second come inio collision, and after impact hava 
H velocity of 8.1 feet per second: "Whut ia the ratio of tlie masses 
of the two bodies ? 

6. If the bodies in example 5 move in opposite direction, and 
the final velocity is .4 feet per second, what is the ratio of th«^ 
masses ? 

7. A body moving 10 feet per second meets anoUier moving 
S feet per second, and thus loses one half of its momentum: What 
is the ratio of the masses of tlie two bodies ! 

8. A body weighing 6 lbs, strikea another weighing 5 lbs. od 
moving in the same direction at a rate of 7 feet per second: If 111 
velocity of the second body is doubled liy liie impact, what wi 
the previous velocity of the firal body? 

9 An ounce rifle-bullet is fired (as in 70) into a suspended bloc 
weigliing 36 lbs, ; lie blow cbubcs the wood to rise IJ inches; B 
quired the velocity of the bulle t at ihe moment of impact 

Measiireniejit of Force. 
71 Absolute Uethod of Heasoiing Faroe, A foroi 

may be measured: By the velocity which it gives the « 
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Of mass in the unit of time. Tlie unit force is tlien a 
toroe which will give a poand of nijitter a Telocity of one 

■Oot per Becond in a second. This unit la sometimeE 
Called apoMw.rfaZ. It may also be stated in this equiva- 
lent form, already implied in Art. 68: A unit force is 
one which will generate (or destroy) a unit of momen- 
tiiiD in one second , 

When ihe units of Ihe metric syBtem are employed, a unit force 
defined as one wliith will give one gram of matter a Tetucily ol 

pne cenUmetcr per second in one second ; Uiis unit force is calieU 
Dyne. 18,825.88 dynes make one poundal. This syMtem of 

Ibeflsuring force is called the ccndiuctcr-grum-Hecand Bjetem, oi 

"eC.G.S. system. 

The force of gravity on a pound of mattiT, whicli giveh 
b velocity of about 32 feet per sesond in a second {//), ia 
then a force of 32 ponndals, and hence this number 32 
is the measure of the earth's attruction on this 
ibaolute system. As it is 33 times the force required to 
Jive one pound a velocity of one foot per second, it ia 
jvident that the unit force, the poundal, is equivalent 

to the action of gravity on about half an ounce (-n^j • 

This method of measuring force ia called absolute 
measure, in the sense that it is universally applicable and 
inde_pendent, as the following method is not, of the vari- 
■ations in the force of gravity. As implied above, the 
UNIT OF MASS ia this system is the standard pound. 

72. Qravitation Uethod of Jfeasuriiig Force. Forces 
are also measured: £'i/ cumjinritifj them directly with 
that is, hj t/ii; weliihls iheij could support. The 
iCNiT FOiiCB is then a force equal to that reqiiired 
support the standard pound against the force of 
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pound. It is then g times, or about 33 times, the anit 
of force ineiitioued in the preceding article. Thie is 
called gravitation measure. 

Since now the force of gravity manifests itself everj- 
where and at all times on the earth, and since we iire 
EO familiar with its iutonsitj as measured by tiie wciglite 
of one, two, ten pounds, and the amount of muscular 
esertion required to overcome it, this is a most simple 
and natural way of measuring all forces. After thui 
method wo say that the tension of the I'ope pulling i 
canal-boat is 100 lbs. when the force exerted is equal to 
that required to supjiort a weight of 100 lbs. It is 
common to si>eak of a pull — as on an oar — of 50 !bs., d 
the force of the wind or that of the waves as being 
many pounds, etc. In ciises like the last a dyoamomet^ 
isemployed, and the prosHure on a spring noted, and this 
readily compared with the same effect produced by a 
known weight under the action of gravity. 

Notwithstanding tlie fact that this method is s 
monly and conveniently employed, it is less scientific 
than the absolute method, and is open to one seriotu. 
objection, that it does not necessarily take into account 
the variations in the force of gravity. As explained iS 
Art. 64, the force of gravity varies about ji-j- between' 
tiie equator and the poles, and, when the same mass i| 
used as the unit of weight, a pull of a pound means I 
stronger pull in high latitudes than toward tlie equator; 
Hence the gravitation method is accurate only whenthfr 
difference in the value of g at the spot in question aod 
at the sea-level is known and taken into account. 

When forces arc considered as producing accelerated; 
motion, the absolute measure is generally employed; bi ' 
when they act, as usuallj in Statics, either as tenaioDBi 
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pressures^ the grayitation measure is the one usually 
accepted. 

The UNIT OF MASS employed (in the gravitation meas- 
ure of force) is the quantity of matter in a body which 
weighs g pounds, where g is the acaeleration of gravity 
for the place in question. This is then a varying unit, 
having a definite value for each place under considera- 
tion. The reason for selecting this unit is that the 
numerical expression of the mass of a given body will be 
the same everywhere; that is, a body of mass 10 will still 
be this wherever it is. For since, as has been shown (68), 

W W 

we may take M = — , therefore this ratio of — , and 

^ 9 9 

hence the numerical value of M, will be always the same. 

For example, on the sun, where the force of attraction is 

about 28 times that on tiie earth, we should have 

„ 28. W 
^="287^ 
or the same value as before. 

Problems in Dynamics. 

78. In Art. 68 it was shown that the intensity of any 

acting forc« {F) is equal to the product of the mass 

moved {M) into the velocity generated in one second; 

that is, 

F=-Mf. (1) 

If in this equation we substitute the value of if f = — j, 
we obtain F=—^f> (2) 

F 
or- f=-y^'9' (3) 
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This rbiation makes it possible to obtain the acceleTa- 
tion (/) produced by any known force acting upon a 
body whose weight is aleo 
known. When / is known, 
thou the equations of articles 
27, 41, 43 give the means of 
calculating alt the particulars 
in regard to the motion of the 
body; that is, the space passed 
thi'ough in a given time, the 
velocity acquired, etc 

ti, Attwood'B HachinB 
Equation (3) in the preced- 

el i ,»^-gi | ing article, in connection 

riSr with Attwood's machine, 
M makes it possible to verifj' 

I Til 1 the laws of motion given in 

u-tieles 67, 68. The essen.- 
tial parts of the machine 
shown in Fig. 29. There 
1 pulley over which 
passes, holding any weight 
P and Q. The axis of 
L pulley rests on two smt 
wheels, called friction-wl 
which serve to diminish 
friction so that itaeffectcan 
disregarded. The whole iasui 
ported by aiirm. massive stani 
In the path of the weigl ' 
may be clamped a stage (t 
at any point, as determined I 
the vertical scale/). Aring*' 
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the same position servea, if desired, to remove a por- 
tion of the weight without disturbing the motion of the 
Test. For this last porjiose the extra weiglit is in tlie 
form of a straight bar (i), which is caught by the ring 
as the weight moves through it. A pendulum to beat 
.seconds is added to the whole. 

The following are some of tte experiments which may 
be tried: 

(1) Suppose the weight P = 8J oz. and Q = "^ oz., 
iiupported on either thread; then the weiglit moved ( W) 
F -i- Q = llioz. (= lib.), and the moving force (/") 
lis the difference, or P — Q = i oz. [Strictly the weiglit 
moved also includes the weight of the pulley, which in 
,an accurate experiment would have to be taken into 
account.] Therefore, by equation (3), ii g ^ 32, 

F 

Now, by Art, 27, the space passed through in the 
two seconds (t =2) by a body moving with uni- 
formly accelerated motion is 2/. Clamp the stage at a. 
distance of 2 feet below the initial point of P, and the 
weight descending will strike the stage exactly two 
Beconde after starting. This is also a verification by 
experiment of the remark, made in Art. 71, that the 
nnit force, the poundal — that is, ^he force which would 
give the unit of mass 1 lb. (here P + in a second a 
velocity of one foot per second — was equal to the weight 
of i oz. {= P- Q). 

If the stage be clamped at 4^ feet, then tlie weight 
will strike it at the end of three seconds, as the formula 
iff requires. Showing, too, that in three seconds 
passed through is |- times that in two seconds; 
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or, in other words (37), the space is proportional in 
the square of the time- (2' : 3' = 4 ; 9). 

(3) Aguiu, let P :^ 8.5 oz. and Q = 7.5 oz.; 
P + y = 16 oz., or the weight moved is the Bameasin 
(1), but the moving force P — Q = I oz., or twice that 
in (1); then, lis before, 

P — O 

f = -= Y~, ■ tf = 2 feet-per-aeeoad per second. 

Hence, in accordance with the law stated in Art. i 
the maxs remaining constant, the velocity generated in 
given time is proportional to the force acting; that is, 

Z_ - _^ _ A 

F' -'f - %■ 
If, as before, the stage is clamped 4 feet below th< 
etarting-point, the weight will strike it at the end of tw^ 
Beeonda, as the formula retpiirea {s = ^ff). 

(3) LctP = 4ioz. and © = 3Joi!.;then P+Q = 8oz. 
that is, the weight (or maas) moved is one half tliat ii 
(1), while P ~ Q = ^ 0T..\ that is, the moving force i. 
the same. Equation (3) gives 

P — 

f = ff = 3 feet-per-second per second. 

That is, in accordance with the law stated in Art. fl 
the acting force being constant, the velocity generated % 
a given time is inversely as the masses acted upon. 

/ _ ^ _ 1^ _ 2 

f ~ m' ~ & ~ 1" 
This valae of/ may be verified aa before. 

(4) Let P = 8.5 oz. and Q = 7.5 oz., and let t 
excess of P over Q (1 ox.) be in the form of a pod j 
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jecting so as to be removed bj the ring. Then, for this 
case, y = 3; hence if the ring he placed one foot below 
the starting-point, the weight will reach it at the end of 
one second. Here tbe extra weight is left behind, and 
now, tbe two weights being equal, the bodies most, 
according to the first law of motion, move on with nni- 
form velocity. At the end of another second it will 
strike the stage if placed 3£eet helow — that is, 3 feet from 
the starting-point — and at the end of two seconds at 5, 
and BO on. 

75. Tbe following is a similar application of the 
above principle. Let W {Fig. yf 

30) be a weight resting on a WWt" ' 

perfectly smooth horizontal -* 
plane ; P is another weight 
attached to W by a string 
j>aasing over the pnllcy a\ 
then, neglecting the weight no. so. 

of tlie pnlley, when P falls it moves W also; hence the 
total weight moved is /* -I- W, and the moving force is 
P. Hence equation (3) becomes 



I 



/= 



V + IP ■ 



The tension (7") of tlae sti'iiig is given from the rela- 
tion 

I -f. 

substituting in this the above value of/, we obtain 
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76. The relation (3) in Art. 73 is applicable to a re- 
tarding force such as friction. For example, let TTbea 
weight moving on a rough horizontal plane; the force of 
a friction (F) is a force acting parallel to the surface 
in a direction opposite to the motion. The retardation 
due to friction is given hj the equation 

If F is known, and also W, then / can be calcnlated; 
this is the retardation due to friction; in other words, 
the body loses each second in velocity / feet per sec- 
ond. The distance which the body will go throngh 
before coming to rest, and its distance at any moment 
from the starting-point, will be given by the formulas 

V=u -ft, 
s=ut — ift\ 

Other illustrations are given in the examples below. 

XIV. General Dynamical Problems, Articles 68, 7S-76. 

1. If in Attwood's machine P=^ oz. and Q = 3i oz. : (a) What 
is the acceleration? (Jj) What space will be passed throu^ in 
2 seconds? 

2. ia) At what height above the earth's surface would a body 
fall 4 feet in the first second from rest? {h) If its weight was 40 
lbs., what pull would it exert on a spring-balance at this point? 

3. A 12-lb. weight hanging over the edge of a smooth table 
drags a 60-lb. weight with it : AVhat is the acceleration and the 
tension of the string? 

4. If the table in example 3 is rough, and the resistance of 
friction consequently equivalent to one tenth of the weight of the 
sliding body, what is the acceleration? 

5. («) A bucket weighing 100 lbs. is raised up from a well at 



I 
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ra imiform rate of 12 feet per second : What is tlie tension of the 
• rope? (b) If the acceleration is 4 feet-per-second per second, 
^ what is the tension? 

' 6. For what time must a force of 4 oz. (gravitation measure) 
f 7 act on a body weighing 8 lbs. to give it a velocity of 20 feet per 
second? 

j 7. Two weights of 16 and 14 oz. hang over a pulley: What 
space will they move through from rest in 3 seconds? 

8. Two weights, each 8 oz., hang over a pulley: What addi- 
tional weight must be added to one of them to give an accelera- 
tion of 2 feet-per-second per second? 

9. A weight of 8 lbs. rests on a smooth horizontal table 12 feet 
wide: What weight hanging vertically will dmw it across in 
8 seconds? 

10. A weight of 24 lbs. rests on a platform: (a) What is its 
pressure on the platform if the latter is ascending with an accele- 
ration of ^? (6) If descending with the same acceleration? 

11. A body weighing 160 lbs. is moved by a constant force, 
^hich generates a velocity of 8 feet per second : What weight 
could the force support? 

12. A force of 8 lbs. (gravitation measure) acts constantly on a 
^y weighing 24 lbs. and resting on a smooth horizontal sur- 
face: (a) What is the acceleration, and {b) how far will the body 
^ove in 4 seconds? 

18. The velocity of a body w^eighing 24 oz. is increased from 
20 to 40 feet per second while the body passes over 30 feet: What 
^the moving force? 

14. Of two weights hanging over a pulley, one is 1 lb. and it 
^^ceixds with an acceleration of 10 feet-per-second per second: 
^^t is the other weight? 

15. How long must a constant force of 10 lbs. act on a mass of 
100 1\)8. to give it a velocity of 30 miles an hour? 

l^B. What constant force will cause a body weighing 400 lbs. to 
P®88 over 1200 feet in 10 seconds from rest on a smooth horizontal 
surface? 

17. A constant force of 15 lbs. gives a body an acceleration of 
» feet per second in one second: What is the weight of the bod3? 



18. A body weighing 24 lbs. is projected on a rough horizontal 
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surface, where the resistance of friction is 6 lbs., with an initia] 
velocity of 64 feet per second : (a) How far and {b) how long will 
it slide before coming to rest? 

19 A body weighing 40 lbs. is projected as in the preceding 
example. What is the resistance of friction if the body slides 
16 seconds before stopping? 

20 A body weighing 60 lbs. is projected up a rough plane Ib- 
clined at an angle of 30°. where the resistance of friction is 6 lbs., 
and with an initial velocity of 160 feet per second: (a) How far 
on the plane will it ascend? (b) How long will it take? 

21. The length of an inclined plane is 1000 feet, and its base 
800 feet; the resistance of friction is one eighth of the weight: 

(a) What initial velocity must it have just to reach the top, and 

(b) how long will the ascent take ? 




CHAPTER III.—CENTRAL FORCES. 

77. TTniform Circnlar Motion. Suppose a body to be 
"moTing in a circnlar path with a constant velocity ; 
according to the firet law of motion {(iG), a body in 
motion, if not acted upon bj any force, tends to move 
on uniformly iu a straight line. In order, therefore, 
that this body shuuld, as supjwsed, move in a circle, it 
muat be acted upon by a constant force exerted iu the 
direction of the centre of the circle. 

Thie force toward the centre, or central force, is called 
the centripetal force. The equal and opposite (C9) 
TeaetioQ exerted away from the centre is called the 
ceniri/ngal force. The central forces determine the 
direction of motion of the body, but do not affect its 
yate of motion or velocity, since they act continually at 
■iglit angles to its path. If a body attached to a string 
?be whirled about a centre, the intensity of tbeso cen- 
tral forces is measured by the tension of the string. 

' the string be cut, the body "wiil fly off in a tangent to 

le curve, but with unchanged velocity. 

78. To find the intensity of tbc central force in the 
case of uniform circular motion ; Suppose tbe body to 
ibe moving at a constant velocity v about the circle ABU 
(Fig. 31), whose radius {AC) ia r. In a very short space 
of time (/) it will have gone from A to D, so that 



AD = 



(1) 
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But in this time it haa been drawn away from the tan- 
gent toward the centre a distance equal to ED {otAE), 
Let/be the iicceleration of the constant central force; 
then (60) 

AB = ^t\ (3) 

But since AFH is a seioicircle, the angle ADH ia a rigbl 
angle, and, by geometry, 

ad' = AE y. AH = AE X 2i-. (3) 

If AD IS taken very small, the chord AD may IW-^ 
regarded as identical with ths arc AD. Therefore^f 
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■directly with the equiire of the velocity, and inversely us 
the radius. 

In order to obtain the intensity of the force {F) — that 
IB, in the case supposed ahove, the tension of the string— 
the yalue of /must be multiplied, as explained in 68, by 
the mass {M) of the body in motion. We have then 



-.M/-. 



Mv' 



If the value of J" in pounda be required, when ihe 



weight (IF) J8 given: since M = 



, WO have, further, 



79, Tlie pull away from the centre, called the cen- 
trifugal force, is felt whenever a body is made to rotate 
rapidly about a fixed centre. It is exemplified by the 
c&ae of a loaded sling: if the cord is elastic, the extent 
to which it is stretched is a meoBure of this force. Simi- 
larly, a bucket containing water maybe swung around 
i>y a rope bo rapidly that this force becomes greater than 
that of gravity, and the contents are consequently, not 
lost even when it is inverted. 

In the case of a large wheel rotating rapidly, if the 

centre of gravity and the axis of rotation coincide, the 

dfects upon the parts on opposite sides of the axis nen- 

|_ faalize each other and produce no result, except when 

a force becomes greater than the cohesion between 

i pu*ticles, when fracture takes place — as when a 

tndatone breaks. If, however, the centre of gravity 

8 not coincide with the axis, a continuous pull on the 

ring is produced by the motion which may lead to 
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wry injurious reeults. For tlie same reason a crank-arm, 
which in use ia turueJ rapidly, is generally weighted on 
the side of the centre opposite to the handle, to neutrat 
Ize the ItijuriouB pull on the axis that would otherwisif 
exist. 

If a globe containing a little mercury be set in rapid 
rotiitioQ, tlie oSect ia to cause the mercury to recede 
from the asis and hence to rise aud form a ring about 
the central part farthest irom the axis. The governot 
of Watt, applied to the steam-engine, consists i 
tially of two heavy halls carried ou rods jointed at th(t 
top. Thoy are connected wjth some turning part of the 
engine, and, on the above principles, an increase in the 
rate of revolution causes them to separate and rise, and 
conversely if the rate is diminished. The arrangement, 
IB such that in the former case they partially close, and 
in the other case open, a valve by which the supply ol 
steam is received. They thus serve to regulate thff 
motion and keep it uniform; ivheucc the name tho 
instrument has received. 

80, Centrifugal Torce due to the Earth's Rotation^ 
Since the earth is rotating on its axis, every body on it« 
surface, tending to move on in a straight line, must hi 
retained there by a force pulling toward the axis- 
other words, a certain portion of the earth's attracti(S 
for every body on its surface is exerted simply to con 
strain the body to move in a circle, and is conse 
not felt as weight. This is equivalent to saying that ti 
centrifugal force acts on every body directly away fro 
the centre of the circle in which it is moving. Thedl 
rection of this force ia indicated for the points .ff and i 
(Fig. 33) by the lines EG aud BX. 
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Since, by the preceding article. 



J ^* 



the yalne of / can be calculated for the equator, for 
the yalne of i; is given by the fact that any point on it 




describes a distance equal to the equatorial circumference 
in 24 hours. In this way we obtain 

/ = .1112 feet-per-second per second. 

This value of /is about -^^ of the value which g would 
have at the equator if this influence did not exist; since 
17* :2= 289, it follows that, if the velocity of rotation of 
the earth were increased 17 times, all bodies upon it 
at the equator would entirely lose their weight. 

81. For any point as B (Fig. 32) where the latitude 
is ly the value of this force f^ and the velocity v' (= t> 
COB X)y we have 



/""*.'"" 



v" v^ cos' I v' 



r r cos I r 



= - cos If 
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Tlie compoDents of f (BK, Fig. 31) are BB noraial I 
lo l!iL' BurfacG and BL as a tangent. Of these, sints | 
11 B A' = I, 

BU=: f cosl=f cos' I; 

BL^fsml ^fsmlcosl=/^ 

The normal component alono influences the weight a 
tlie body as it acts directly contrary to gravity, while the! 
tangential component tends to produce motion toward 
the equator. It was tho iuflueuce of the tangential com- 
ponent when the eartli was in a plastic condluon which 
is believed to have caused the flattening at the poles. 
This effect may be illustrated by the rapid rotation of a 
plastic moss of clay on its axis. 

The value of/ ia greatest at tho equator and dimin- 
ishes, with the cosine of the latitude, as we go toward 
the poles; at the poles it ia zero (cos I = cos 90° = 0). 
The normal component is greatest at the equator and. i 
diminishes with the square of cosine of the latitud&fl 
Tho tangential component ia zero at the equator, i 

creases to latitude 45° (BL = -i I and diminishes froi 

there to the poles, where it is again zero. 

EXAMPLES. 
XV, Cent lipetal and CenMfiignl Fbrcea. Artides 77-81. 




1. A ball weigUing 20 lbs. is whirled by n 
around a centre at a radius of 7 (ect, with a linear velocity o 
feet per second- Wliat is tlte value of/, and wlint ie lie tt 
Iho string (F) ? 

a. (a) If tlie velocity is donljied in the preceding example, ii 
do llio values of/and i^'beco-me ? (6) whal are tliey if the n 
IS doubled ; 
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3 A ball weighing 4 lbs. attached to a centre at a distance of 8 
feet makes 300 revolutions in a minute : What is the pull on the 
centre ? 

4. What linear velocity of rotation must a body have if the 
tension of the string by which it is attached to the centre, at a 
distance of 8 feet, is equal to its weight ? 

5. What is the angular velocity of a body moving in a circle 
with a radius of 4 feet, when the centrifugal force is one half the 
weight ? 

6. A locomotive weighing 12 tons moves at a rate of 80 miles 
an hour about a curve whose radius is 1000 feet: What is the 
horizontal pressure on the rails ? 

7. If a stone weighing 5 lbs. is attached to a string 3 feet long 
and makes two revolutions in a second, what is the pull on the 
centre ? 

8. If a string can just support a weight of 400 lbs., what is the 
greatest length that can be employed to swing around a 204b. 
weight once in a second ? 

9. What is the shortest length of the string only strong enough 
to support 100 lbs. that can be used to whirl around a 50-lb. 
weight at a rate of 8 feet per second V 




CHAPTER IV.— FRICTION. 



82. Definition of lYiction. Friction is the resistanci 
le/iieJi is offered to the motion of otie iody upon another 
due to the roughness of the surfaces in contact. Fric- 
tion always aeta pjirallel to the surfaces, aud in a direc- 
tion contmry to that in which the body is moving or ia 
about to move. 

83. Reaction of Smooth Sorfaces, The only effect 
produced by the mutual pressure of tvio perfectly smooth , 
surfaces would be the reaction perpendicular to them tin | 
the point of contact. It would hence exert no influence il 
on the motion of one upon the other; in such a csbb] 
there would be no friction. (There would still be, how- 1 
ever, even in this case, resistance to motion due to th#l 
mutual adhesion of the surfaces in contact; bnt this ifl 
an independent matter not here considered.) 

An ideally smooth surface cannot be obtained, i 
by continued polishing; hence the resistance of frictid 
can never be entirely eliminated. It is found in genei 
that the smoother the surface is made the less is ti 
friction. 

It is obvious, also, that the actual reaction betwee 
two rough surfaces which are in motion, or abont it 
move, is in the direction of the resultant of the tW! 
components, one the force of friction parallel to the sat^ 
face, and the other the noi'mal pressure as defined itJ 
Art. 89. 
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84. Since friction is diminished by rendering the sur- 
3 in contact more smooth, it is customary to mako 
lEB of lubricators, wliich fill up the unevennesses of the 
mrfaces. For example, oils, liu'd, grajiliite, 8oai>stone, 
aid other substsineea are employed. The ht'st lubri- 
Btor, in a given case, depends upon the materials in 
eontact and the amount of pressure sustained, and is 
Setcrmined by experiment. The friction of an axle 
nay be much diminished by the use of fridion-wheeU; 
he axle rests upon two wheels, wliich tnrn with it, as 
ndicated in Fig. 39 (p. 7C) and Fig. 44 (p. 117). 

Conversely, when it is deairwhie to increase friction 
&e surfaces may be made more rough. For example, 
Vbeu the driyiug-wheels of a locomotive tend to slide 
1 the rails becanse the latter are wet and slippery, it is 
mstomary to feed down sand, by a tube from the sand- 
)x above, on to the rail iu front of each wheel, which 
IS the desired efieet, 

86. Friction is, so far as this, a ilixadvantage from a 
lecbanical point of view, since force is required to ovcr- 
ime it, and this represents so mnch working power or 
lergy expended without any usefid result. For ex- 
nple, in the machinery of a cotton-mill, at every bear- 
ig there is friction, and the cagiue which supplies the 
lergy for the establishment must furnish beyond what 
required for the nseful work performed enough more 
I make good this waste. Again, the locomotive on a 
lilroad, after the train is in motion and supposing the 
rack horizontal, exerts its energy solely against the ont- 
ide resistance, which is chiefly caused by the friction of 
|be axles iu their bearings and -the wheels on the rails. 
On the other hand, however, friction ia oiten meghani- 
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cally an advantage. It alono givos to the driving-wheels 
of the locomotive their hold on the track; withoutit 
the belts in a machine-^bop could not he used to tranGmit 
the motion of one shaft to another; many mechanical 
arrangements depend for their eEBciency upon it. Eveu 
so simple a matter as walking would be impossible but | 
for the hold on the ground given to the feet by friction. 

86. Kinds of Friction. An important distinction is 
to be niade between slUUng and rolling friction. The 
former exists whore there is simply sliding motion, as in 
the case of a sled, or of an axle in its hearing. The 
latter esists where motion is accomplished through the 
intervention of a wheel or roller. J 

Sliding friction ia that which is especially investigated I 
here. The resistance due to it is much greater than ' 
that caused by rolling friction. This ia seen by the 
effect produced when a carriage-wheel, by a shoe or 
some other contrivance, ia made to slide instead of roll 
on the ground. The advantage of a wheel consists, a 
respects friction, in this, that instead of sliding frietioo J 
on the ground, the rolling friction there and the elidiit 
friction oa the axle are nubstituted; tlie latter elemen 
is of comparatively small moment. Similarly, wh^ 
heavy weights are to be moved for small distance ' 
rollers of iron or wood are often placed iinder them. 

87, Fluid friction. Friction, or resistance to motitd 
is also felt in the case of a liquid or gas, and is tliflfl 
a&\\e,AJiuid friction. The resistance exists bothbetwee 
the molecules of the fluid itself and between them t 
the walls of the containing vessel. This is true, 1 
example, where water passes through pipes. Thia j 
tion of the subject does not fall within the scope of t 
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■ork, btit the fact must bo noted witli rrfcrcnce to a 
jbseqneiit article {104). 

88. Laws of Friotion. Esperimenta upon friction 
have eatiiblisliod the following laws, which hold good for 
mj two given surfaces in contact. It is supposed that 
lo abrasion of those surfaces takes place. 

(1) The force of friction is proportional to llie normal 
iressure of the snrfaccs in contact. 

(3) Friction is independent of tho extent of surface 
a contact when the normal pressure remains the same. 

(3) Friction is independent of the velocity of tho 
iJnotion when sliding friction is considered. 

89. (ff) The normal, i.n. perpendicular, pressure {R), 
mentioned in the first law, is equal to the weight of tlio 




l>odyif it rests upon a horizontal plane. Ilence (Fig. 33) 

(S) If the body rests upon an inclined plane, the 
jtmal pressure is equal to that portion or coviponent of 
le weight which ia perpendicular to the surface. That 

(Fig. 34), 

^ = ir cos a. 

or if (Fig. 34) ac represents the weight of the body, 
iCB ad and ab are the two partial forces, or compo- 
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nertls, respectively paniUel and perpendicnlar to 
plane, into which it may be resolved (aualogons to *J 
resolution of velocities, Ait. 38, p. 28, or see Art. 138. 
[1. 144). Of thcae components, since bac = HLK- 

". rtrf= ITsio a, uud this ropreseuta the force tendin; 
to make the body slide down the plane. Also, 

H'cos a, is the pressure, normal to the plane, 
reaction of the plane as stated above. 

(c) If a force P acts on the body, at an angle ft tend- 
ing to make it elide along, then the normal pressure 
increased {or diminished) by that component of the 
force acting at right angles to the plane. If (Fig. 35) 




If (Fig. 3G) P 
P ain /J, and 



CA, exerted as a push, then BA = P am fi, and 
Ji ^ ir + P sin /3. 
AC, exerted as a pull, tiieaAD 
= W- Pan ft. 
In either case, in order that the body shall be jnat 
the point of moving, BA (Fig. 35) or AB (Fig. 
P poa p, must be just e<jnal to the opposing force 
friction, 

90. Ezplanatioii of the Law« of Friction. (1) 1 

FIRST LAW simply states that as this normal pressn] 
(defined in a, b, c of the preceding article) is iacreasedi 
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Itminiahed, the resistance of friction increases ordiniin- 
in the same ratio. This law can be demonstrated 

(xperimeutally by an arrangement like that in Fig. 37. 

The weight W rests on a horizon- ^ if 

Ol plane (so that E = W ob iu «). 
thread fastened to W pusses 
■er a pulley a, and is attached at 

the other end to a second weight 
'. In order thiit H' shall ho on Fro. 37. 

le point of moving, F must be just equal to the force 
: friction {F). If W be doubled it will be found that, 
' satisfy the above condition, P must also he doubled, 
id HO on. In other words, the ratio of P {= F) to 
^ (= Jl) will remain constant; that ia, the force of fric- 
on ia proportional to the normal pressure. 

(2) The SECOND law may be illustrated by the caao 
'. a brick; supposing all the surfaces arc alike in rough- 
ses, the friction is found to be the same upon whieh- 

STcr of the three surfaces it rests. 

(3) The THIRD LAW is generally hut not rigidly true. 
It is found (1) that in the case of sliding friction the 
resistance to motion is a little greater when tlie body is 
]UBt about to move, and (2) that iu the case of veryliigh 
velocities the friction becomes sensibly diminished. 

91. Coefficient of Friction. T/ie constant ratio betwevn 
the force of friction for two given surfaces and the normal 
pressure is mUed their copfficimt of friction. If toe 
coefficient of friction be represented by fi, then 



F~ liB. 



A 
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This relation becomes on a horizontal plane 
and F= M W; 

on an inclined plane {RO, b), 

F 
H = TTr;— J Slid F =■ n Trco8«. 

Tlie coefficient of friction is a constant reiation in 1 
givpii case, depending only upon the nature of the but- 
faces in contact. 

This use of the term corffeienl , to donole a constant fsclOT 
whcMC vaiue depends upon llie substance involved, is a very k 
mon one in phj'sical wlenrc. We speak, thus, of llie coeffldeBl 
of elasticity of a certuln kind of steel; the coefficient of e 
idoD, etc 

92. Angle of Friotion. The tangent of the angle of 

friction is equal lo the mefficient of friction, /i = tan 
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This angle is called the angle of frictiouy or angle of 
repose. 

The force of friction {F), acting in the direction aFy 
must be equal to the component of the weight, viz. ad 
(= IT sin ay as explained in Art. 89, S), which urges the 
body down the plane; that is, 

F=W sin a. (1) 

Also, the normal pressure, or the reaction of the plane 
aR, is equal to ah, the portion of the weight acting per- 
pendicular to LH] but aS = If cos a (89, I), Hence 



Therefore 



J? = JT cos a. (2) 



F W^ma 
i_ "iT = -ixr = tan a; 



P 

'^ and since jm = 



F_ 
R' 



, •. /i = tan a. 



93. Determination of the Coefficient of Friction. The 

preceding article gives an accurate and simple method 
of obtaining the value of the coefficient of friction by 
experiment. If tlie surface of the 2)lane is made of one 
of the materials in question, and that of the movable 
body in contact with it of the other, it is only necessary 
to observe (Fig. 38) the angle {a = HLN) at which the 
plane must be elevated in order to put the body on the 
point of sliding; then (92) tan a- = /i. ' 

The method illustrated by Fig. 37 (p. 95) may also be 
made use of. For, supposing the friction of the pulley 
to be so small that it can be neglected, if the weight W, 
representing one of the s urf aces, i s known, and also that 



<;^ 












of P sufficient to put TTon the point of moving on tft 
otliet required eurface. then the constant value of tl 
ratio of these qntmtities is e<iual to the required ( 

I P F \ 

elliceDt ^-j7 = ^ = I'). 

94. Examples of the Coefficient of Friction. tTae 
limiting viilues of the angle of friction for differ-^^t 
gronpa of eiibBtances, a^ determined by experiment in. -tie 
case of sliding friction, lire Ulustrated by Fig. 3d. 




Fia. » 



The corresponding range in the valaea of thecoefC*" 
cient of friction is, as follows 

ft a (Angto of FriEaortJ 

Bricks, stones 0.60 - 0.73 31° — 35° 

Wood on wood 0. 19 — 0.47 11° - 25° 

Metal on metal 0.14 — 0.22 8° - 12f 

Lubricants 0.05-0.11 3° - 6° 

Many different circumstances affect these values ob- 
tained by experiment, eo that the above are only to l> 
taken as average results. 

For rolling friction lie angle is much smaller. For example, it 
is stated that a railroad train in good order on a good road is not 
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safe against starting under the action of gravity unless the gradi- 
ent is less than 18 to 20 feet to the mile (= 0° 13'); and that, if 
once started, the train will continue in motion on gradients as low 
as 13 feet per mile (Thurston). 



EXAMPLES. 

XVI. Friction. Articles 82-94. 

1. A force of 12 lbs. is just sufficient to move a body weigin 
48 lbs. uniformly along a horizontal plane: What is the coelii- 
cient of friction? 

2. The value of // is .3, the weight of the body is 16 lbs. : What 
force is required to move it uniformly? 

3. It is found that a force of 7 lbs. suffices to move a body 
uniformly on a horizontal surface, where the value of the co- 
efficient of friction is known to be .25: What is the weight of the 
body? 

4. A body weighing 15 lbs. is just on the point of sliding when 
the surface it rests upon is inclined 20°: (a) What is the co- 
efficient of friction and the force of friction? {b) If the weight of 
the body is doubled, what values have these quantities? 

5. A body weighing 12 lbs. rests on an inclined plane whose 
angle of inclination is 14° and where // = .4: What is the force 
of friction? 

6. The ratio of the dimensions of an inclined plane are as 13 
Oength) to 5 (height) to 12 (base): Will a body slide if the co- 
efficient of friction is (a) .4 and (h) .5? (c) What is the force of 
friction in each case, the weight being 26 lbs. ? 

7. The dimensions of the plane are as in example 6 : What must 
be the value of the coefficient of friction if the force of friction on 
the plane is one half the weight of the body? 

8. A body weighing 12 lbs. rests on a plane where the co- 
efficient of friction is .5: What is the force of friction (a) if the 
plane is horizontal ? {b) if inclined 20° to the horizon? 

9. The length, height, and base of a plane are 30, 18, and 24 
feet : {a) What force is required to keep a body weighing 20 lbs. 
from sliding down, if /^ = .2 ? (p) What force is needed to draw 
it uniformly up the plane? 
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10. A body wdgliing 60 lbs. xests on a hoiissoiitel plme, 
,n -=. .3- What force is required to mo^e the body rndforiDly if 
acts as a puU at an angle of 80"* with the plane (Fig. 86)f 

11. What IS the force required to mo^e the body in ^^^mpli 
if it acts at the same angle but as a puth (Fig. 85) ? 

12. A force of 60 lbs. acting as a puU at an ang^ of 90* 
a body uniformly on a horizontal plane, idiere /i = .8: What 
the weight of the body? 

18. If the conditions in example 13 are fulfilled wlien tte 
acts at the same angle as a push, what is the wei^t of tte 

14. A body weighing 4 lbs. is held against a rough 
^ = .0) by a force acting at ri^^t an^ea to the wall: What it 
force? 

15. A force of 130 lbs. is just suffident to soppoit a 
against a rough vertical wall (/i = .1); the foioe acta at 
angles to the wall: What is the wei^tt 

(In the above examples no distinction is made b et wem 
sistanoe of friction when the body is just on the point of 
and that which exists when the body is already in imitonn 
in fact the former is sombly greater than the latter.] 
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95. Sefinition of Work. Work, in the sense in whicb 
the word is employed in Mechanics, is said to be done 

fe^len a. force acts upon a body and motion results in 
le direction of its aetion. 
I There are two CBsential elements hero: (1) the force 

Iawting to overcome a resistance, and (3) tlie motion pro- 
duced. Where no motion results from the action of a 
force, no work is done; for example, a column support- 
ing a weight does no work. 

96. Examples of Work. Work is done against gravity 
when a man lifts a weight up from the ground, or when 

; te ascends, i.e. lifts hinlself up, a hill; against friction 
' When a horee draws a carriage along a horizontal road; 

against the molecular force of elasticity when a spring is 

Wound up or a how ia stretched. 

97. HeaiuremeiLt of Work. The unit of work is 
the work done by a unit force acting through the unit 
of distance one loot. If the force be expressed in 

I gravitation measure (72), then the unit of work is the 
> fool-pound. 

(1) The work done by a constant force P, acting 
I through a diat;ince s, is eijual to the product of the 
force into the distance; that is, 




the work done by P = P.s. 



(1) 
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If the force acts obliquely, at an uugle y? with the 
direction of motion (Fig. 40), then only the effectiv^t 
component of the force, >* cos (i, does the work, l^m 
work done is, therefore, 



P cos li.s 



(2) 



(2) The work done may also bo mcafiued by th-ii 
effect produced; that is, when a 
weight IF, expressed in ponndE 
is rallied through a height A, e 
?" pressed iu feet, the work done i 
'"°" ** equiil to the product of the weigbt.^ 

raised into the vertical height ; that is, 

the work done in raising a weight = 



W.h. (3) 



The effective distance only — that is, the vertical height- 
is considered. If one pound is raised vertically ( 
foot, then one foot-pound of work is done, and this i 
the simplest form of the unit of work as above defined. 

If Uie weight is an extended body, or if a number of bodtes j 
arc considered togetlier, Uiehtightto be taken is iJie vertical dis- ( 
tance Uirougli wliicli the centre of gravity (dclincd iu ArL 15B) a J 

(3) Still, again, if a uniform resistance {R) is ovar-l 
come through an effective dlstanco d, then the worfcl 
done is equal to the product of the resistance into thefl 
distance; that is, 

the work done against a resistance = U.d. (i) 
It is, in fact, immaterial, iu the estimation of thu 
amount of work done in any case, whether the attention? 
bo directed to the force acting, on the one hand, or t' 
weight raised, or resistance overcome, on the other. Foe k 
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in all cases it follows from the law of the Conservation 
of Energy, as explained later (101 et seq. ), that the two 
mast be e^ualj that is, 

P.s = W.h, (5) 

or 

P.3 = R.d. 
"Whenever a weight ia raised, the simplest method of 
estimating the amount of work done is by the product 
W.h. In some taaes, however, it is more simple to 
meaanxe the force acting and the distance through 
which it acts, and to obtain the number of foot-pounds 
of work done from the product P.s. 

98. When the distance tliroogh which P acts and W is 
raised differ, as when, for example, by means of a set of pul- 
leys a small power acting through a great distance raises a 
large weight through a small height, the equation above 

p 
(5) ahowB that the ratio of -^ is the inverse ratio of the 

distances through which they act, or -rjr = — ; that is — 

The Power is to the Weight as the height through which 
the Weight is raised is to the distance through which the 
Power acts. This principle will bo employed in the 
discussion ot the various mechanical contrivances or 
machines, the lever, wheel and aile, etc., in Chapter 
VIII. 

99. Rate of Work. The rate of work is measured by 
the amount of work done, for example by a steam- 
engine, in a unit of time. The ordinary unit employed 
is called the horse-power, and is equal to 550 foot- 
pounds per second, or 33,000 foot-pounds per minute. 
This unit is employed in measuring the efficiency 
of a steam-engine. 
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100, Applications of the above Principlas. Suppose a 
coustiiiit force (/") acta to drawn hody along aroughhoii- 
zontal [jliiao fur a distance s. Tlie work done is then 
e([Ual toP Xs [97 (1)]. But as it is difficult to determiiia 
the value of P directly, tbe principle may be made use ot 
that: If tlie body movea unifonnly, this force mufit l)t 
juat e'liiul to the force of friction; that is, P :^ F, 
if the weight of the body ia H' and the coefficient d^ 
friction /j ia known, then F= ftE = /^W (91), and 

the work done againat friction = f* W.s. 

Suppose a weight W (Fig. 41) ia raised to the top 



an inclined plane whose height is fi, and whose angle d 
inchnation IILK is «; then (97) 




1 a, this may be put in the form 
1^7 (ain a-\- ft cos a); 



lor again, since cos a = 
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The last expression sliows that the work done in the 
ease Bupposed is tlie same aa tliat recpiired to drag the 
body from L to A'i and tlien to raise it vertically to H. 
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XVII. Work. Articles 95-100. 

1. A weight of 600 lbs. is raised to ILe lop of an inclined piano 
^lose length is 1200 feet, and tho angle of inclination = 10°; 
ffhat work is done? 

: 2. A weight of 150 lbs. is raised to the top of a tower along a 
^nral path half a mile long, and which winds about it rising at a 
piifonii angle of 19° : How much work in done on the weight? 

8. If a man in walking raises his centre of gravity a distance 
equal to tV o' '^^ length of his step (as has been estimated), how 
tmich work will he do, if he weighs 150 lbs,, in walking 30 miles? 

4. How much work is done by an engine weighing 20 tons in 
puining a distance of a mile on a horizontal track, if the total re- 
Mfltance is 130 lbs, per ton? 

• fi. A sled weighing 1500 lbs. is dragged 10 miles on the snow, 
MtDTS Uie coefficient of friction is .075: What work is done 
■gainst friction? 

8. How much work is done against friction in dragging a 
*eight of 400 Iha, a distance of 1000 yards along a horizontal 
Idsne, if Ihe coefllcienl of friction is .5? 

7. A weight of 250 lbs. is dragged up an inclined plane whose 
length is 2600 feet and the height is 1000 feet (M = .3): How much 
Work is done! 

6. A weight of ISO lbs. is drawn along a horizontal plane for a 




dbMueo of 1000 fi't'l, nod ihen up nn inclined plane (a = 30°) (oi 
*lifl same dtnUince; Uic i^ucfllcknt of frictioD is .3 fo^tKlQlSU^ 
'ttcea: What work is doni;? 






B. ENERGY— 

101. Definition of Enei^. Energy is the capacity 
jierfurmiiig mii-l: 

The first grand pi'iociple or doctrine of energy is callad.) 
t.he CoNBEitVATioN OP Energy, which states that 

The I'arious forms of energy may be changed into 
another, but the sum. total remains the same; no envrgf' 
is ever loet. This is a fnadameiital principle in all 
physical acicnce, and its importance cannot be overesti- 
mated. It ia, in a certain sense, a corollary from, and an 
cxtuusion ut, the third law of motion (69). Like thesa i 
laws its truth has been established by extended series rf| 
obsorviitions and physical experimentB (66). 

Aa a pi'oper understanding of this subject ia necefc 
BUi'y for a thorough comprehension of the laws of Me^ 
ohunics, and at the same time as this is impossible! 
without a somewhat extended discussion of the subjeo^^ 
it ia necessary at the outset to treat it broadly in its ap< 
pliuatiou to all Physics and not only as restricted ta 
Moolianics. 

Tlio term work must, in the first place, he understood^ 
US having a wider signification than that given in thtt 
preceding portion of this chapter. Taken broadly, work 
is involved in the production of any physical or chemicid 
change. For oxamplo, work is done not only when I 
mass of iron is raised from the ground, but also when fij 
heat its temperature is raised; so, too, when watW | 
changed from its liquid form into steam; when bd eJe^ 
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trical carrent is sent throagh awire, as in the telegraph; 
aad when the atoms of carbon of the coij unite with 
tie oxygen of the uir iiiid combustion ensues accom- 
panied by heat ami Jiglit. 

102. FormB of Enei^. Tho forms of energy are 
dirided into the following classes: 

(1) Mechanical ener(/if, or the Tieible energy of 
masBes of matter, including the energy dne to elasticity. 

(2) Molecular energy, including heat, light, electricity, 
and magnetism. 

(3) Chemical energy, OT that produced bythe chemical 
lion of unlike atoms. 

The forma of energy are also divided into (a) Kinetic * 
energy, or energy of motion, and {b) Potential energy, 
or energy of position. It will be auffleient here to apply 
this distinction more particularly to mechanical energy, 
bnt it also belongs to tho forma which come under the 
other heads. 

103. Kinetic and Potential Energy. (1) Kinetic 
ENERGY, mechanically co?isidered, is that which belongs 
to iodies in virtue of tlieir motion. Every moving body 
has a certain amount of energy, or capacity of perform- 
ing work, in consequence of this motion. For example, 
a swiftly moving cannon-ball, a runnljig stream, the wind 
— all these, because of their motion, have a detiuitc power 
of doing work. In fact, their motion isareault of energy 

I expended upon them at some previous time, which they 
I will themselves give back if their motion is arrested. 
I This energy of motion is sometimes called vis viva, or 
." living force," and sometimes accumulated work. 

(3) Potential energy is iha'l which belongs to bodies 

* From Uie Ureek word mi-sia, to move. 
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in virtue nf their posiHon. Every body sitnated above 
the surface of the earth has a tendency to fall to it, 
under the action of gravity, and this determines its 
potential energy, or energy of position. For example, 
the weights of a, clock, when wound up, have, becauae of 
tlieir elevated position, a power of doiug work ; e.g., in 
turning the machinery. So, too, a body of water 
behind a mill-dam represents a certain amount of poten- 
tial energy; that is, of energy which may be expended, 
e.g. in driving a mill if the wiiter be allowed to fall 
Also, the atonea and bricks in a building represent a 
certain amount of energy expended once in raising them, 
and now present only potentially because of their poai- 
tion, A watch-spring when wound up, and a bow whea' 
stretched, are other examples of potential energy. 

In every such example the posHion of the body in 
question (or of its molecules), as the velocity in the pre* 
ceding ease, indicates that a certain amount of energJP 
has been expended upon it, and this, as before statedj, 
will be given back on a return to the original position. 

The level of the sea may be made the surface of refet!>i| 
cnco for convenience; strictly, a terrestrial body wonlt^ 
have potential energy anywhere except exactly at ttift 
centre of gravity of the earth. Moreover, other level 
may be taken as the zero; for example, the weights of 
clock, just mentioned, may be said to have no potentil 
energy when they have fallen to the lowest point i 
their course. 

104. Measurement of I!nergy. (a) Inasmuch as thf 
amount of work done — that is, in other words, enei 
expended — in raising a. weight W through a 
height h is equal to Wh, it is evident that: 
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Tfie POTENTIAL BNEROT of any bodff is equal to (fie 
product of its umght into the distance it /las to fall. 

(b) Aguiii: since, if a body of weight Wlidl through 
a height h, its energy ot jtosition is entirely clmiiged 
into eijergy of motion, this last or kinetic energy will be 
eqnal to Wh, But in falling freely from rest through a 
distance h, a body acquires a velocity (27) euch that 



any body of weight W and velocity v must be the same 
as that of the body which has acquired this velocity in 
falling. Hence, in general, tlie energy of a body in mo- 
tion is expressed by 

Wv' 



be expressed in this form : 
M , 

-¥■'' °" 

The KINETIC BNEfiST of any body is equal lo the pro- 
duct of one half the mass into the square of the velociti/. 

106. A body of weight W and moving with a velocity 
V will, if brought to rest, expend against the resistance 



nniform (as is true of friction), then, by the principles 
explained in Ai-t, 97 (3), we shall have 







Here -^r— is the amount of work accomulated, or 

stored up, in the moTiDg body, and Ji.d is the work done 
agttinst the resiatunce. If R is known, then d chu be 
calculated, and vice versa. In the case of friction on B 
horizontitl plane, for example, E ~ F ~ fiW (91), anil 
hence the distance a given body wiU glide can be eaailj 
computed. 

Wlieu d is very small, as when a heavy weight descend- 
ing di'ives a pile a short distance in the mud, then R, the 
average resistance, will be obviously very great. It is on 
this principle that, when a very great resistance has to be 
overcome, it is often most effectual to make use of 
large amount of energy stored up in a moving body (tfj 
considerable mass, which may be expended through 
very small distance ; consider the efficiency of a heavy 
hammer. 

106. Aelation of Kinetic Energy to Uomentam. The i 

distinction must be carefully made between the n 

turn and the kinetic energy of a moving body, SuppoeaJ 

the mass of the body to be M, and the velocity v 

the momentum = M.r, 

the kinetic energy = -s-.f'- 

From these values it is seen that for the same body th#J 
momentum is proportional to the velocity, but t 
netic energy — that is, the power of doing work — to tl 
stjuare of the velocity. For example, suppose two b 
to have the same mass, but let the velocity of one b 
feet per second, while that of the other is 80 feet p 
second; the former will have twice the momentum, " 
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ita kinetic energy will be fmtr Hmeis greater. In otlier 
TfordB, the first body can do four times (is much work in 
jcoming to rest; it will asceud vertically ujtwu,rd against 
gravity four times as far; that is, 400 feet instead of 100 
ifoet. So, too, it will penetrate four times fartlier into 
S log of wood swung as that described in Art. 70 as a 
Jwllistic pendulum, though the momentum given to the 
moving mass will be only twice as great. 
In the relation in Art. 70, viz., 

MY ± mw = (Jf + m) u', 
rlt TVfls shown that the momentum of the two bodies 
after impact was equal to the sum of their momenta 
taken separately before, they beiug supposed to be per- 
fectly inelastic. This is not true of the kinetic energy. 
Suppose the weights of two bodies to be 96 and 64 lbs. ; 
then 3/ = 3 ( = ||) andm = 3{=ft): also, let 7=100 
feet per second, and w = 50; then, by the above equa- 
teon, v' = 80. Now the sum of the kinetic energies of 
1^, (^MV^) and m, {\mv'') is equal to 17,500 ft.lbs., but 
mie kinetic energy of them moving together with the 
nflW velocity v' is only 16,000 ft.lbs. This difference 
nronld be still greater if the originii! motions were in 
%I^site directions; viz., 17,500 ft.lbs. and 4000 ft.lbs. 
respectively. 

Hence there is an apparent loaa of energy after impact. 
The equivalent of this loss is to be found in the heat 
produced by the blow, as explained further in articles 
108 et seq. This relation must be brought in in order 
to make Newton's third law of motion, in its general 
appliciition, rigidly true. 

. Transformation of Kinetic and Potential Energy, 
ds of energy, considered in articles 103 and 
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104, may be tranKfonncd the one into the other, andi it 
no other form of energy appears, the law of the Cos- 
SERVATiON iiF ENERriT requires that this int«rchan{ 
eliould go on without loss. For example, suppose 
bull (Fig. 43) is rigidly attached by a rod to the sn] 
port C, about which it turns without fi-iction. If i 




position be changed from B to A, and it be supported 
here for a moment, it ia evident that a certain amount 
of work has been performed, or energy expended, upon 
it represented exactly bj W.h, where h is the vertical 
height DB. This amount of energy has been imparted 
to tlie body, and belongs to it as potential energy in vir- 
tue of its position. 

Now suppose the ball to descend; at each successive 
point as M, in its course from .i back to B, it loses part 
of its potential energy, but gains a corresponding amount 
of kinetic energy, or energy of motion; when B is reached, 

all its energy is that of motion f Wk = — — J. In virtue 

of this motion it will ascend on the other side, exchang- 
ing at each point its energy of motion for energy of 
position, and at A' its velocity is and its energy all 
potcntiid. 
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Again, on descending, t.Lc exchange of energy takes 
toe as before. If the snpposed conditions of a per-"^ 
itly rigid rod, moving without friction !it C and meet- 
g with no resistance of the air, could bo realized, this 
otion would go on forever; it would be oue kind ol 
iriietual motion. [It would not bb the "perpetual 
ition" sought for ; for example, an engine which shall 
on doing work forever without being supplied with 
il; this the doctrine of energy shows to be absurd uud 
ipoBsihle. ] 

.Another example will furtlier ilUisir.ild the transformatiim of 
two forms of energy. Suppose a ball to be projected from 
ground Tertically upward, with o velocity o; Ihe energy at 
moment of starting is all kinetic. By tbo laws of kinemaUca 
it will, if gravity aluiiii TCfa»\s it, asGeod tu a height (A) so 

i? 
t h = -g-. As it ascends ils kinetic energy is continually ei- 

nged for energy of position, and at its highest point it Las only 
enUAl energy. If its weight is W. the amount of work done ia 

\. but A = -^^ : hence the work done, which is the equivalent 
fig 

the Initial kinetic energy, la —r~ (same result reached as in Art. 

Purthcr, on its dcacent it wd! continually eichange its 

of position for that of motion and when it reaches the 

ind its enei^ is all kinetic Suppose that Ihe hall and the 

imca in contact with an? ptrfectly elastic The result 

blow will he to compress the moleculea of the bodv for an 

il, and at this moment it is at rest and lis encrgj is repre- 

I poteutiflUy by the new position of the molecules In con- 

LCe of tlie eiflsticity, howeier tLe molecuks tend to regain 

original position, and tlius the pot^'ntial energy is again 

Formed into kinetic, and the effect is to project llie buU up- 

dwltli the same velocity as before. In the ideal case supposed 

excsbange would go on continually, and Uie lull would bound 
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106, Apparent Loss of Viable Enei^, It ia obTiot 
Itiut llie toudltioiis sujipOf-ed In tlie preceding artjclft! 
cannot be reulized, buL tba,t the pendulum and the 
bounding ball will sooner or later come to rest. In such 
cases tliere is aTi appareal loss of visible energy, 
more ia there an apparent losa of energy when the 
motion of a train is ari'ested at a station, or that of a 
cannon-ball by a target. In snch eases it was once be- 
lieved that the energy was really lost, bnt it 
known that this is as untrue as it would be to suppoM 
that the matter in a piece of pjtpei' is lost when it is.' 
burned. The matter is unchanged in amount, and 
truly indestructible, though its form may be altered and 
it so become invisible to the eye. In an analogous way, 
in this apparent losa of visible energy, a new form dtfi 
energy takes the place of that which disappears, for tht 
energy itself is indestnictible. This form of energy, 
produDed as the equivalent of the mechanical energy.. 
which !ius diBappeared, ia heat. 

109, Nature of Heat. Heat is now believed to be, 
not a form of matter, as once supposed, but a " m 
of motion;" more particularly it is a very rapid 
dnlatory vibration of the particles of matter making i^ 
the heated body. When heat is transmitted througK 
medium without raising its temperature it is said to bj 
radiated, and the undulatory motion is believed to 
projiagated at a very great velocity by the particles of\ 
supposed elastic fluid called the ether. Thus, the 
of a stove is said to be radiated in all directions from 
so, too, the heat of the Bun is said to he radiated to 
earth, and the heat received ia called radiant heat, 
radiant energy. 
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"When, however, the lieat is tranBtnitted through a 
idj at a comparatively slow rate, as fi'om one end of 
iron rod thrust in a furnace to the other, it is eaid to 
conducled, and in this eas6 the particles of the bar 
elf are helieTed to propagate the motion, 
A hot hodj is one whose particles are in rapid motion; 
[t "hotj" as the word is used, is only a relative term, 
this motion helongs to the molecules of all bodies of 
iich we have any knowledge, however "cold," and the 
pidity of the motion detxirminee the degree of heat 
Bmperature) as manifested, for example, to our Ecnacs 
to a thermometer. 

110. Examples of the Production of Heat &om He- 

manical Energy. Examplea of tlic appearance of heat 

at the same time with the disappearance of visible 

energy are very common. Thus, a uail rubbed qnickly 

with a file becomes " hot;" the same is true of a metallic 

button rubbed on a piece of cloth. A piece of iron on 

an anvil may be raised to a dull red heat by rapid blows 

from a hammer; a friction -match is ignited by the heat 

.need by a scratch; aeiinnon-ball whose motion is 

isted by a target is itself, aa well as the target, very 

;eh heated by the collision. In all such cases, as will 

apparent from what has been said, the visible mass 

i exchanged for tlie moloculaj- energy of heat; 

alow motion of the mass for the very rapid motion 

the molecules. 

{ill. Definite Relation between Heat and Mechanical 

lergy. If it be true that tlie heat produced in the cuscb 

med (110) is the equivalent of the visible energy lost, 

Kollowa that there must he a definile numerical ratio 

a a certain amount of work done and the amount 
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of heat proflnccd by it. This relation has been estab- 
lished in many different ways by different experimenters, 
but in all the euses the easontial part of the process ia 
the same, viz., to raeasure the amount of mechanicsl 
energy expended (in foot-poands), and also to determine 
the amount of lieat prodticed as its equivalent. 

Heat is menaured la hecU-'aniU; tliat la, the dnit of hb&t il 
thnt amount of ImeX req^uircd to raise one pound of 
water ony degree in temperature. For phj'aical proJf- 
^ lems llie Centigrade thermometer is uiiivereaily enk- 
" plo)-c(i; but with Engliah-spealdng j)eople tlie FaJuen- 
heit thermometer is commoiily used as tlic house 
tliermometer. Tlie relation of tile two is evident from 
Fig. 43. For Ihe Cenljgnidc thermometer the free^g- 
point ot water in mnde the zero, and the distance from 
■ it to the boiling-point is divided into 100 degrees. In 
the FnJirenheit tbermometcrtbefreering-pointiaSade' 
grecs alMive the zero, and the boiling-point 312 degren; 
abovf. Hencu lOO degrees Centigrade correspond fth 
ISO" (= 213° — 33°) Falirenheit. To change the roafl-'' 
Fio. 4S. j„gg pf either tliermometcr to tLose of the other, wt 
Lave representing tlie number of degrees in tlie two scales by 
and C respectively, 

J(7+ 2S,° = F, and KP- 33°) = C. 

The method which was employed by Joule* whb ak 
sentially as follows: A metal bos B (Fig. 44) was tal 
full of water; in this was placed apaddlo (Fig. 45) 
tacbod to a vertical 8])ind!e A, which could be revoli 
Y means of a string passing over two pulleys C and 
and attached to two known weights E and F. If n( 

•The experiments of Dr. Joule were carried on between ll 
and 1849. He employed several different methods for deteni 
ing the "mechanical equivalent of heat," but that which J« 
the most satisfactory results is the one here described. 
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these weights {£J + F = W) are allowed to descend 
freely through a distance h, marked on tlie TCrtical 
scales, the work done is W7i; but this is expended in 
turning the paddle in the water, and, owing to the fric- 
tion ol the water (Art. 87), is all transformed into heat. 
Hence if the amount of water ia known, and its tenifiera- 
ture before and after the experiment, the number of 
foot-pounds of work required to produce one boat-unit — 
that is, to raise 1 lb. of water 1" 0. — ean be readily 
calculated. In the actual experiment it was necessary 
to make corrections fur the loss of energy in the friction 




of the pulleys, the radiation of beat from the bos, and 
fieveral other points wbicb need not be explained here. 
The result obtained was tbis: Thai au e.rpendifnrc of 
13Q0 /oof -potmdx of work produce one unit of hmt on the 
Centigrade icnje (7"^ ft.lbs. on the Fahrenheit scale). 
Many other exiwriments have lieen made in various ways 
having as the r object tbe determination of this same 
relation for e^amj le tbe amount of beat produced by 
the frict on nf two ir n plates in mercui-y, that caused 
by the collision of two heavy bodies one of which hf)^ 
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fallen tki'ougli a known height, and so on. All tlieaa 
oxpei'imeuta have confirmed the relation obtaiued bj 

Jtflllc. 

112. ConTersioo of Heat into Work. Since a definite 
amount of mecJiaiiical work is equivalent to a uertiutt 
amount of heat energy, tlie converse ninst also be true: 
that heat is couvortible into mechanical work. This 
converaiuu of the former kind of energy into the other 
is best seen in the steam-cugiuc, Ilere the Ijuruiug eoul 
in the furnace converts the water of the boiler inio 
Bteam, and the expansion of this steam in the steam- 
chest connected with the condenser seta the piston in 
motion backwards and forwards. This is meohanical 
motion, and it may be utilized, for example, to drive 
the lathes in a macliine-sliop, to piimj» up water, to 
propel u steamship or a train of cars. All these are 
cases in which from heat mechanical work is obtained. 

There is one most important difference between the 
two cases that liave been described; viz., the transforma- 
tion of work into heat, and that of heat into work. The 
former transformation can be completely made, bnt 
Tinder no conditions, which are practicably obtainable, 
can a certain amount of heat bo all changed into me- 
chanical work. A perfect ' ' reversible engine" (as that 
of Carnnt) can bo conceived of, but the necessary c 
ditions cannot in practice be even approximately realized. 

113, Othei Forms of Kolecular Energy. The form 
of molecular eiiergy most closely related to Mechanics 
is that just eonsidored; viz., heat. There are, how- 
ever, other forms of energy into which mechiinical work 
may be converted, and conversely from which work may 
be obtained. Hero belong the other physical a^nt«, i 
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light, electricity, magnetism. Tiie full vinderatanding 
of their mutual rektioDB requires iiu extended knowl- 
edge of Physics, and canuot he attempted here, but some 
illuBtrationa will suffice to make the subject clear. 

114. Examples of Transformation of Energy. The 
production of work from burning coul, already given, is 
one example. Another example is this; The water in 
8 mill-pood represeuts a certain amount of potential 
energy (103); this in falling through the mill-race may 
be made to turn a mill-wheel, and its motion i-epresents 
a certain amount of mechanical euergy derived from tlie 
water; if a turbine wheel is employed, from 60 to 80 per 
cent of the energy of the water may be utilized under 
favorable couditions. The motion of the wheel may be 
given to a saw, which shall do work in overcoming the 
cohesion of the wood, or to millstones, by which grain 
is ground. Or, again, it may turn an electro-magnetic 
machine. This cannot be described here, but it is suffi- 
cient to understand that the machine aecompliehes this: 
that the rapid mechanical motion results in the prodnc- 
tion of a current of electricity, which is the equivalent 
of a certain poi'tion of the mechanical enei'gy. This 
electrical energy may be couveyed by a eo]ipcr wire for a 
considerable distance (with a loss, however, for some of 
it is inevitably transformed into useless heufc), and then 
the electricity may he used to make a light, when the 
remainder of the energy is transformed into light and 
heat, or it may be used to do work in chemical separa- 
tion, as in electro- plating witii copper. Still, again, it 
may by means of a second similar machine be trans- 
formed back again into mechanical motion, and this 
naed to do any kind of work desired. 

Again, the revolutiuu of u Jiso of pkte-glass between 



120 DYNAMICS. [lis, 

ciishioiiB suitably arranged may be made to produce 
eloctriclty, wliitih is tlio e([iii¥ulent of part of the me- 
elianical energy expended iu turning tliQ wheel, tha 
remiiinder being expendetl against friction and resulting 
iu heat. If this electricity is collected on a brass cylin- 
der and then a spark taken from it, the light and hout o: 
tlie spark, with tlio vibratory motion resulting iu the 
noise, ai-e the forma of energy into which the mechanical 
work has been transformed. 

Chemical affinity also represents a most important 
kind of energy. Two dissimilar atoms imder suitable 
conditions combine, and some other form of energy i 
the result. Thus, iu the combustion of coal iu air, it ii 
the union of the ciu-bou and hydrogen of the coal witl 
the oxygen of the air which results in the formation o 
heat energy. So, too, the charcoal, nitre, and aulphifl 
mised together in gimpowdor will unite under propf^ 
conditions, and the result is the appearance of energ] 
which produces nut only licat and light {and noise), bit| 
also may do a, vast iimount of mechanical work. 

116. Conservation of Energy. To all the examples Q 
the transformation of one form of energy into snothei 
given iu the preceding article, the law of the Oonser^ 
tion of Energy applies. It requires that the sum fc 
should remain the same, that no energy should be loa 
m the changes. In order to prove this rigidly it woul 
bo necessary to be able to correlate all the difEeren 
kinds of energy and express between thera a c 
ratio, as that between heat and mechanical energy. Tli 
cannot always be done, for of the real natiu-e of some 6 
these forms of energy but little is certainly known; 
physical investigations have gone so far as to moke i 
sure that the fundamental principle here stated ifl t 
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116. Terrestrial Stores of Energy. From the dis- 
cussion in the preceding articles it appears that, for the 
performance of the many kinds of work necessary for 
human life on the earth, the best possible use must bo 
made of the various forms of energy which are available, 
for these cannot in any way be increased. 

The most important stores of energy, from which 
mechanical work can be obtained, are the following: 

1. Energy of water either potential or kinetic: this is 
utilized by means of the various water-wheels, and made 
to drive mills, etc. This includes the energy of tidal 
water, which is also occasionally made use of. 

2. Energy of wind: employed to do work in propelling 
ships, and in turning windmills. 

3. Energy of coal, wood, oil, and other combustibles: 
utilized as fuel principally in the steam-engine. 

4. Energy of the muscular effort of the various 
animals, including man. 

5. Direct energy of solar heat and light radiation: it 
iiiOS been found possible to employ this in running a 
solar engine, but thus far no extensive use has been 
made of it. The indirect way in which solar heat and 
light have been and are still being utilized is mentioned 
in the next article. 

To the above .may be added the energy of uncombined 
chemical elements, as sulphur and iron; also, the internal 
heat of the earth; the earth's rotation (note the remark 
at the close of the next article on tidal energy); finally, 
the potential energy of masses of matter above the mean 
surface of the earth, which have been elevated by 
geological changes in the past. 

117. The Sun as the Ultimate Source of Terrestrial 

Energy. All of the important forms of energy just enu- 
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meraled (116) are derived either directly or iodirectlj 
from the sun. The suii is constantly radiating out in 
all directions into space a vast amount of heat auii light 
energy. Of the whole amount but a very minute frac- 
tion 18 received by the earth, and only a very small part 
of this is utilized, but this relatively small amount is 
essential to the existence of all kinda of life on the 

1. Tlic lieat energy of the sun causes evaporation from 
every slieet of water; the water tlius raised in the form 
of vapor falls again on the eartii's surface, : 
snow, much of it at a level far above that of the sea. It 
forms running streams, or is collected in lakes aaS- 
ponds. In descending again to tiie sea-level it may ttf 
made to do a great amount of work. 

2. The hoat energy of the sun is, also, the chief caus? 
in setting the air in motion in the form of wmds, and; 
these, as liave been stated, drive our ships and turn otU' 
windmills. 

3. Still more important, the heat and light energy d 
the sun are the cause of all vegetable growth; that " 
under their combined action the chemical change goes 
by which the carbon {from the COi in the atmosphere);' 
is built up into the structure of the plant or tree. The 
energy thus appropriated is stored up, but it may be ob-- 
tained again, chiefly in the form of heat, when tha wood' 
is burned as fuel. The accumulated vegetation of fg 
former and far-distant period liaa been changed, thongi 
without any considerable loss of energy, to Eoal, aa 
this therefore now represents potentially the energy^ 
the sun received and utilized by the earth at th« 
time. When, now, the coal is burned in the fire-box 
a steam-engine, this long-stored-up potential energy be* 
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comes again kinetic, and from it we obtain a large part 
of onr meciiauical work. 

Of tlie whole amount of the sun's energy which has 
its equivalent in the resulting vegetable gi-owth, part, us 
has jasi been said, is obtained again in the combustion 
of fuel. Another part is obtained again indirectly 
through the muscular work of animals, who have used 
the vegetable growth in one form or another us food; for 
an animal, as regards its capacity for performing ])hyei- 
cal work, is to be regarded as a machine for the trans- 
formation of energy, which must he fed witli fuel as 
truly as the steam-engine, A man forms no exception 
to this statement, for, in order that he may live and do 
■work, he must also be fed with fuel; in liis case, how- 
ever, the process is one step more complex, since his 
principal food is the flesh of animals, who themselves 

ive derived their support frum vegetable growth. 

The energy of the tides must be made an exception to 
the preceding remarks, for they are due to the attraci ion 
of the snn and moon; the energy of tlie tides may, in 
fact, be shown to be derived in purt from the energy of 
the earth's rotation, the rapidity of which they conse- 
qnently tend to diminish to a very small extent. 

118. Dissipation of £nei^. If the illustmtions of 
the transformation of energy which have been given bo 
carried out one step farther than is attempted, and if, 
too, the attempt is made to apply the principle of the 
Conservation of Energy to them rigidly, it will be seen 
that at each step in every transformation there ia an appa- 
rent loss of energy (a I'eal loss as regards useful energy) 
by its cliange into useless heat, and, moreover, that the 
inai form which it tends to assume is always that of 
le, a pound of coal produces upon coiu1 
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flnd with the velocity thus acquired ascends another Inclined 
pMne whose dimcixaioua arc 100, 80. «0 fwt respwliveiy; Ihccoeffl. 
flent of friction Is .1, How fnr wilt ii go, iht clinnge of direciion 
iKilnfi supposed to lake place without loss of velocity? 

lij. Tlic body in exitniplc 10 is projected up an inclined plsrif 
(u = .25) whose length, lieight. and base have the ratio o 
10 r 6 ■ 8 («) How far and (ft) how long will it ascend? 

14. An iDchned plane has the dimensions, length 2000 feet, 
height 1800, linsi; 1300. anil /( = .3: What velocity of proJecUon 
m'lsr a hody weiglung B4 lbs, liave just lo reach the lopl 

15. If a hndy starting fromrest slides down the plane inexampK 
14. [a) liow much work will be stored up in it when it reitchea tl 
bottom? AIno. (A) how far will it slide on n horizontal surfaa 
(M = -2) if the chonge in direction occasions no loss in velocily! 

[In the following examples tlie kinetic energy is supposed V{ 
be expended against the resistance alone; In fact, a conslderablt 
portion would result in the im-mediute production of beat Mora 
over, the reaistanec is supposed to he uniform ; in fact, this is 
tlic case, and the lesult obtained in each problem consequently 1 
only the aamse resistance.] 

16. A hammer weighing 12 lbs. and moving with a velocity a 
4 fc«t per second drives a nail into a plank half an inch: "Whet 
resistance does it overcome! 

17. A weight of 1000 lbs., wsed as a pile-driver, falls 20 fee^ 
and drives tlie pile in one inch What resistance does it c 

18. Two bails weighing lOO lbs. each are attached ti 
of a horizontal bar, this is attached lo a screw of rapid pile) 
(230). They are made to rotate rapidly and have a velocity ol 
10 feet per second, wiien tlie end of Ihe screw strikes the met) 
to l)e slitmpoct. Suppose thut the punch eomes to rest afK 
moving through -^ Inch; What resistance is overcome? 
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CHAPTER VI.— STATICS. 

Introductory. 

^ 119, STATIC3 is that branch of Mechanica whicih con- 
iders the action of forces in so far as the hody act-ed 
s heW hy them in e((iiilibnum (01). 
120. Geometrical Representation of a Force. A force 
may be represented geometrically by a straight line in u 
manner analogons to the graphic representatiou of velo- 
citj (20). In each ease (1) the point of application, (2) 
■'the direction, and (3) the magnitade of the force are 
^pposed to be known. 

I Thus, Fig, 4C, (1) the position of the particle A acted 
tipon represents the ^otW o/«j»_?i?icrt/i07( of 
the force; (2) the direction of the line AB 
represents the direction of tiio force — that 
is, the direction in which it tends to move 
the particle A; (3) the length of tlic line ji/ 
AB represents the magnUvde of the forc:o, fiq. «. 
being taken proportional to this magnitude in terms of 
a adopted unit. It is obyious that the length of the 
pine has meaning only when the unit of comparison is 
inown, or when two or more forces are represented by 
inea in terms of the same nnitj in the latter case the 
[tic of the lines in length will be also the ratio of the 
' a magnitude. 
I In statics a force is nsually eserted as tension or pres* 
re, and is measured in pounds; that is, in accordance 
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be eqailibrinm the first force muBt be, ns stated, equal I 
and opposite lo this resultant. A body in equilibrium I 
must bo uoled upon by fit leafit firo (orcea ; & singleforcs I 
always causes accelerated motion (GO). 

126. CompOBition of Forces having the same Lulb otj 
Action. («) The resultant of two forces, or of any rnui 
ber of forces, acting in the same line and in the bs 
direction is erjual to their sum. For example, if P, i 

S, T, etc., represent forces having the same direction,^ 
as, e.g., those exerted by several men pulling in the "I 
same line on a rope, and Jt the resultant, or equiTaleni I 
single force, then 

R = P+ Q+S+ T+ etc. 

Again, (6) the resultant of several forces acting i 
same line, hut some in one and others in tlie opiwaite 
direction, is equal to the sum of the first enbtriicteil 
from, the sum of the second; and it will act in the direc- 
tion of the greater sum. If the respective directions of 
the forces he distinguished by their algebraic signs 
(4- or — ), then the resultant will be e([ual to the algf- 
iriiic sum of all the forces, and its direction will be 
indicated by its sign. 

127. Condition of Equilibrinm for Forces haTing the '. 
same Line of Action. The condition of c'i|ui]ibriuni 
two or more forces having the same line of action is i 
/hrir alij''brttic sum mvst btt equal In zero. 

128. Composition of two Forces not having the t 
Line of Action: Paralxelogeam of Fobces, 
forces acting on a pariide be represented in diree 
and magnitude by the two adjacent sides of a par^ 
gram, then the diagonal of this parallelogram } 
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rough their point of in/erseclion will represent tM 
wgnilude and direction of the resultant. 

This proposition is at once seen to be closeiy aimilai' to 
he Parallelogram of Velocities (33 and 39). Tiiat prin- 
iple, as hag been stated {68, b), ia u deduction from tiio 
pcond law of motion, and the same is true of the Paral- 
ilogram of Forces. The part of that law upon which 
oth propositiona are baaod muj be stated in tliis foi'm: 
Then several forces act simultaneously upon a body, each 
brce produces exactly the same effect which it would 

•■ve produced if it had acted singly. Tliis principle is 
me whether the body was originally at rest or in mo- 
and it extends as well to the case where the forces 
mlance one another, so that the body ia in equilibrium. 

In applying the principle we may consider the forces 
ither (a) dynamically, aa producing motion, or (J) utati- 
HB causing pressure or tension without motion. 
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Sn the first caae [a), suppose two foreea P and Q to act 
pimultaneously upon the same particle; wicb will buve 
ue effect as if it acted alone, and (71) it is meas- 
fcired by the velocity it gives in a certain time, audits 

irection ia that of this velocity; therefore if these velo- 
(ities are represented (Fig. 47) by AB, AD respectively, 
Shen the same lines must be |)roportional to the forces 

f and Q; fnrther, since AO represents the reaultant 
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Telocity in direction and magnitude, a force having tlii 
direction and projiortioual to J (7 must be the result 
foivje equivalent to the combined effects of Panil^. 
Hence the geometrical methods of compounding forces 
are the same as those of comiiounding velocities. 

lu the second case (£), the forces are generally mfet- 
nred by the weights they can support (72), but the sanie 
geometrical methods arc also applicable to them. An 
experimental proof of this latter case is given intheneit 
article. 

129, Experimental Verification of the Farallelogrftm 
of Porces. Let (Fig. 48) A and .6 be two pulleys, 




whose position may be changed at will; over these are 
stretched two silk threads, knotted at a, sliding without 
friction. At the extremities of these threads are hnng 
two weights P and Q, and from a is hnng a third 
weight, found by trial to be just sufficient to balai 
P and Q for the given position of A and B. The f 
cle a is now in equilibrium under the action of i 
three forces P, Q, and It', and it is obvious that t 
resultant of P and Q is equal and exactly opposite I 
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If now, from a, ab be measared ofE, containing as many 
units of length as there are units of weight in Q, and 
s)so ad, containing as manj uuits of length aa there are 
units of weight in P, these forces will ho represented in 
magnitude by ab and ad respectively, for the pulleys 
change their directions only. Complete the parallelogram 
abed; it will be found on trial that the diagonal nc, which 
by the proposition must represent the resultant of P and 
Q, is vertical — that is, directly opposed to W — and also 
that it contains as many units of length as there are 
units of weight in W; hence "the propositioji is true in 
this case. 

If the positions of A and B be changed, and also the 
magnitudes of P and Q, and a weight W be hiing at a 

hich win hold the system in equilibrium, it will be 
found in every case that the proposition is verified in 
the same manner as above, and hence it may be accepted 
as always true. 

130. Calcnlation of the BeEultant. General Case. Let 
the two forces P and Q, whose directions form any 




^ 



gion (or the magnitude of this resultant in terms o! 
P, Q, and y, 
Prom geometry (Fig. 49), 

AC = AB' + BC + 'HAB.r.E, (1) 

but BE = BC COS CBE = AI)ci3 DAB. 

Therefore, siibstitnting the viilucs of AB, AB, BE 'm 
(1), we have 

i?' = i"+ Q' + ZPQ.cosy. 

Tlio Fame formula may be shown to hold tmc for anj 
other case, as when (Fig. 50) the angle y is obtuse. 




Further (Figs. 49, 50), since BC - AB = Q, it is b< 
that the relations between the two forces and thai| 
resultant are equally well expressed by the triangle ABOi 
This triangle is often useful for calculation, for (Pigs 
49 and 51) AB = P, BC = Q, AC = Ji, BAC = a^ 
ACB = DAC= A and ABC = {180° - DAB) = 
(180° — y). Therefore all the relations between tin 
two forces and their resultant, in magnitude and direo 
tion, may be calculated from the triangle ABC by the 
ordinary methods of solving an oblique-angled triangla 

131. Special Cases, (a) P = Q. The general valBi 
of R in (3) above (130) becomes, if P = § (Pig. 53), 
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= 2P» + 2P' cos y, 

= 2P» (1 + cos y). ^ 




=</a 



COS y 



2 



or 



But, by trigonometry, cos ^y 

1 + cos y ■= 2 cos' ^y\ therefore 

R^ = 2F' (2 cos' iy), 
= 4P' cos' iy; 
. •. E = 2F cos 1;/. 



This result, as also those of {b) and (t?) below, may be 
obtained directly from the figures without reference to 
the general case. It is seen here that the resultant of 
two equal forces bisects the angle between them. 

(h) F = Q, y = 60°. The general value of R becomes 
for this case 

E' = F' + F^ + 2P' cos 60°, 
= 3P'; 

.-. E = FVK 

(c) F = Q, y = 120° (¥ig. 53). The general value 
of E becomes in this case 



E' = F'+ F' + 2P' cos 120°, 
= 2P' - P'; 



\ E = F, 
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This reaoH shows that, i/imo forces are equal a»d in- 
dined at nn angle of 120'', their resuUiivt in equal U 
either of them. Also, if three equiii forces acting on » 
particle are inclined at angles of 120° to each other, tbe 
particle will be in equilibrium. 

^{d) Y = 90° (Fig. 54). It Y ^ 90°, or, in other 
words, the two forces are at right angles to each other, 
the general value of R becomes 

R= +G^T^ 
This result is derived immediately from the propertia 
of a right-augled triangle, as are also the following ri 
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be represented by the sides of a triangle taken in ordery 
\he particle will he in equilibrium. This proposition is 
sailed the Triangle of Forces. 

Let P, Q, S, represented by AB, AC, AD respec- 
tively (Kg. 55), be three forces acting on a particle at A, 



and let abd be a triangle so drawn that its sides, taken 
in order, represent respectively the three forces; viz., 
ab represents P, bd represents Q, and da represents S; 
then is the particle A in equilibrium. 

Complete the parallelogram abdc. Since ac is equal 
and parallel to bd, the resultant of the forces ab, ac, will 
be the same as the resultant of F and Q; hence ad is 
the resultant of F and Q; but da, equal and opposite to 
ad, represents the third force S. Therefore, since this 
third force is equal and opposite. to the resultant of the 
other two forces, the partigje^cted upon must be in 
equilibrium (125). 

The condition ^^ taken in order" is essential and must 
be carefully noted. 

Cor. The converse of this principle is also true: that 



i 
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if three forces acting on a particle keep it in equilibrinm, 
the sidoit of any triangle which axe reepectively parulld 
or perpendicular to them will bo proportional to these 
forces. 

133. If three farces acting on a particle keep it i* 
equihbrimn, each force is proportional to the sine of Ihi 
anglp between )he other two. 

Let P, Q, S, represented by AB, AC, AD respeo- 




tively (Fig, 56), be three forces acting on the particle A, 
and keeping it in equilibrium; then 

P ; g : ^ = sin CAD : ein BAD : sin BAC. 
For take Ab, Ac proportional to P and Q respectively 
and complete the parallelogram Abdc, and draw Ad; At 
will be proportional to S and in the same straight Ma 
with it, since it has the direction of the resultant of P 
and Q, and is proportional to it. Then 

P -.Q-.S = Ab:Ac:dA; 
but, by ti'igouometry, 
Ab : Ac (= 5(f) : dA -- sin Adb : sin dAb : sin dSj(J 
^ sin CAD : sin BAD : sin BAO. 



A 



COMPOSITION OF FORCES. 



F ■.Q:S = 



I CAD : sin BAD : sin BAG. 



Cor. The converse of this propoeition is also true, and 
gives a second condition of equilibrium for three forces 
acting on a particle, which may take the place of that in 
Art. 133 — vJK.: If of three foTcex acting on a partieh each 
is proporiional to the sine of the angle between the direc- 
tions of the other two, the particle will be in equilibrium. 
The condition must be observed, however, that no one 
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of the forces can fall between the directions of the other 
two; or, in other words, j^hat the angular distance 
between no two of the forces can be greater than 180°. 
Thus the proportion may hold good for the three forces 
in Fig. 57, and also those in Fig. 58; but only in the 
former case is there equilibrinm. 

134. Composition of more than Two Forces acting 
apon a Particle. The resultant of several forces acting 
in the same plane upon a particle may be found (Fig. 
69) by taking first the resultant of two of the forces; 
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then of this resultant and a third force; again, of thtj 
resultant of tlieee tliree forces and a fourth force, ani 
BO on. 

This method may he most eimply applied as follows! 
Let {Fig. 60) AR, AC, AD,> 
^^repreaeiit the four forces 
■Pf Q, S, T, acting on the par- 
ticle at A. From the point a 
(Fig. 61) take ab in the direc* 
1 tion of P and proportional to'. 
it; then in the same manner 
take be to represent Q, cd to 
represent S, and de to repro^ 
""■"" sent T. It is obviouB (com- 

pare Fig. 59) that ac represents the resultant of ab, &c, 
that ia of P and Q; also ad of ac and cd, that is of Pf 
Q, S; finally ae, the side which completes the polygon. 






abode, ia the resultant of ad and de, that is of the four 
given forces P, Q, iS, T. 

The numerical calculation of the magnitude and 
directioQ of the resultant in accordance with this con- 
struction, following the method already given (130), in- 
volves considerable labor. A more simple method ii 
given in a subsequent article (HO). 
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136, Forces not in the same Plane. The method of 
fiuding tho rcsultftnt of any number of forces acting on 
a particle, given in the first piirugraph of the preceding 
article, is also applicable when the forces are not in tho 
same plane. 

For example, let AB, AC, AD (Fig. 03) represent 
the three forces P, Q, S respect- 
ively, acting on the particle at A. 
The diagonal AE oi the parallel- ^ 
ogram j4££^C''will represent the 
resultant of the forces P and Q; 
also, if the parallelogram A EFD 
be oonstrneted, the diagonal AF 
will represent the resaltant of 
^^^and-^i); thatis,of P, $, and ^~ 
8. The figure thna constrncted '"'■ "*" 

is sometimes called tho Parallelepiped of Forces. 

If the forces are at right angles to each other, then 

I AB^ = AB' 4- AC' = i" + Q\ 

■ dao, AF' = AE" + AD'; 

.'. i? = PM- 6' + -^'. 

If a is the angle between R and D, p between R and 
g, Y lietween R and S, then 

P „ Q 8 

coa «■ = -7;-. cos /3 = -^, cos K = ^. 

136. Condition of Eqnilibrinm for more than Three 
I ForoeB acting on a Particle. An/f number of forces ac 
i irig upon a particle will hold it m equilibrium, whi 
[Jhei/ may be represented hy the sides of a polygon tain 
' The forces P, Q, 8, T, aod U (Fig. m^ 
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represented by AB, AC, AD, AE, AF reapectiTely^ 
will hold the particle A in equilibrium if they cm. 
bo represented by the Bides ai, be, cd, de, ea, taken t'K 
order of the polygon abcde. For, Bapposing them to 
be 80 represented, it has been shown (134) that ae a 
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Ihe angle between them is 42°: Required tlie olLer force, Q, and 
the angle between P and Q (;'). 

4. The force Q = 5 Iba. and the resultant B — 6 lbs. ; also, the 
angle between P and B («) = iB" 3tl' : What ia tlie mftgnitude ol 
Pand its direction T 

5. Of two forces, P= IS and ^ = 33 lbs. ; tbe angle between Q 
and fi ia 30° : Required B and Uie angle between P and §. 

6. A peg in a wall is pulled by two strings wifb forces of 8 Iba. 
eacb; tbey are equally inclined downward (40°) to tlie vertical; 
What weight hung on tbe peg would give an equal strain? 

7. A peg in a wall is pulled by two strings, one horizontal with 
B lensioD of 21 lbs., and the other vertical with a tension of 38 
lbs. : Wiiat single force would exert an equal pull upon it? 

S. A weight is supported hy two equal strings attached to nails 
in tbe ceiilug and enclosing an angle of 60° ; the tension of each 
string is 18 Iha.: What is the weight supported? 

9. Two forces in the ratio of 8 : 4, acting at right angles to each 
other, have a resultant 25: What are the forces? 

10. A boat Is moored in a stream by two ropes attached to the 
shore making a right angle with each other; tlie tension of one 
(A) is 38 Iba., of the other (B) is 96 lbs.: (n) What ia the actuai 
force of the current, and {b) what angles do the ropes make with 
the direction of the current? 

11. In Fig. 48, P = 13 oz., ^ = 15 oz, ; the angle tuid = 60° : 
Required W. 

13. Of two forces, P= 2 §, and they act at an angle of 45°, and 
B = 1B: Find P and Q. 

13. Three posts stand at the vertices of an equilateral triangle; 
a rope is passed completely around them, tbe tension of which is 
84 lbs.: What is the pressure on each post? 

Resolution of Forces. 

137. Resolntion of Faroes. The process of finding 
the component foreea whose combined effect shall 1 
equivalent to a given single force is called the Resolution 
of Forces. It is the converse of the Composition of l 
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To resolve a single force into two components, vhoi 
directions are given, all thatia 
quired is to construct a p 
gram on those linos having t 
originiil force as the c 
TLus, if {Fig. G4) AC = 
the given directions are OX, C 
throngh Cdraw CD, Cfi p 
to the directions given; then J 

AD will Ite the components required. Similarly for ai 

other directions. 
For example, let W {Pig. C5 or 66) be a weight hi 

by two Etringa knotted at a and attached at the poii 

£ and F. Produce « W vertically upward, and let 





represent the weight W, and through c draw lineepi 
lei to a£'and ai^ respectively; then in the parallelo| 
so constructed ab, ad will be the components of the ft 
ac, whicli is equal and opposite to W. They give tJ 
tension of each string which supports the given weighu 
138. Kectangolar Components. TJie ease of the mot 
importance in the resolntion of a single force is 
where the directions of the two component* are at r 
angles to each other. The components in this c 
(Fig. 6-) 

AB = Rcosa, 

AD = li Bin a. 
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Here a la the awgle mado by tlie direction of tlie dret 
Gomponent with that of the restiltant. If the body is 
free to move in one of those di- 
Tectiona only, the component in 
this direction is eallod the e£'ec- 
iive component, since this com- 
ponent alone inflaences the mo- 
tion of the body. 

For example, anppose A to be 
I body either poshed along (Fig. 
!8)onaperfectlysmoot.h flooras 

rtth a rod, or polled as by a string (Fig. C,'.]), the force 
n each case acting obliquely, as CA (or AC). Then the 



L 



fective component, or that which alone influences the 
lotion, ia the one which acts in the direction of motion ; 
it is, BA or AB {=P cos /5), The other component 
iduces no effect upon the motion. It has already been 
lown that if the surfaces are rough and friction has 
be considered, the perpendicular component DA 
AD (= P sin jff) in the one ease increases and 
the other diminishes the prcssnro on the surface, 
id so alters the resistance of friction (80). 
Again (Fig, 70), let « be a body resthig on a smooth 
iclined plane; the weight (11^) acts vertically down- 

rrd [ac), but the body is obviously free to move only 
the direction of the plane. The weight must hence 
k resolved along this line and along a lino at right 
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ihua, the cumponenta of the weight are d 
and ab, of which ad ifi the 
effective coraiTonent to produce 
motion, and (the plane being 
perfectly smooth) ah has no 
influence on the motion. Now, 
if RLE = bac = a, then ad = 
^"■'^ W f,\n a, s.-aA ab = IT cos a. 

Again, let a (Fig. 71) be a bodj of 
weiglit W rigidly attached to the 
point O. In every position the 
weiglit acta vertically downward, 
but the body is free to muve only 
in a direction perpendicular to the 
line of support. The' two compo- 
nents of the weigh! in these dircc- 
tiona, as inilicated in each case, are 
then ,^ = W cos a. and «rf = IK 
sin 17, where a ia Ihe angle' made 
with the vertical direction. 

The tension of the rod, or the pull 
or push on the point of support, is 
always equal to IV cos a (ah), and the 
effective component to produce mo- 
tion is always IF sin a (ad). Com- 
pare the different positions indi- 
cated, and note the values of the two 
components in each of them. In 
positions I and VII the moving 
component Is zero, and the tension 
the moving component = TFand the tension = 0. 

1S9, The explanation of the fact that a vessel may sail in a 
direction almost opposite to that from which the wind is blowing 
affords another illustration of this principle. Let AB (Fig. 72 or 
78) represent the direction of the wind. The resultant effect upon 
the sail MN may be represented by ah. Tliis force is resolved 
into two components, one parallel to the Bail (ae or iBi) and pro 
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ducing no effect, and the other perpendicular, ad. But the vessel 
is headed in the direction RH\ hence to find the effective compo- 
nent of the wind in this direction the force ad must be again re- 
solved into the components af and as. The tendency of af is to 
drift the vessel to leeward, and is nearly balanced by the resist- 
ance of the side of the vessel and keel (and the centre-board in 




Fig. 72. 



Fig. 73. 



the case of a sail-boat) against the water, and the component for- 
ward is as. As a matter of fact there is always a little drifting, 
whence the motion of the boat is kept in the required direction 
by the rudder. The action of the rudder is itself another exam- 
ple of the same principle. It is seen in the figures that with the 
same wind two vessels may sail in exactly opposite directions. 

An explanation similar to the above may be applied to the 
motion of a windmill. 

140. Eesolution of Forces along Two Axes at Eight 
Angles to each other. The principle of the resolution of 
a force along two axes at right angles to each other may 
be conveniently employed to obtain the resultant of a 
number of forces acting at a common point. Let the 
forces P, Q, S, T(Fig. 74) be represented by AB, AC, 
ADy AE, and let'Xand J'be any two axes at right an* 
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glea to each other passing through A. The componpuis 
of P, Q, S, T are, geometrically, 

and 



[!«, I' 
componpul! I 



on the axis X. . 
on the axis y. . 



Ab, —Ac, ~ Ad, Ae, 
Am, An, —Ar, —As. 



The minus sign indicates that the lin^s in qneation 
' —that is, that the forcea act — in the oppo- 
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ic sum of eaol 
ponents of th< 



Bite direction to the others. The alg 
set of these components will give the 
resultant along the respective axes. 

If a', a", a'", «" are the angles which each of tfa^ 
forces makes with the axis X, all measured in the 



direction as indicated in the ii 
sets of components will be : 
P cos a' -\- Q COS a" -\- .S'ci 



and 



Psinff' + eeioa" + ,S's 



[lire (74), then thi 
i a"' + 7'coa «"■ = 
I a'" -\- T sin «■'' = 



The directions of x and y will he indicated hy the i 
gebraic signs helonging to the sum of the componenta 
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each case. If now the values of x and y be \o,i< 

from the point A (Fig. 75), we shall 

have, by completing the parallelogram, 

the resultant (R) represented by AF, 

and 



and 



tan /? = ^; 




BO that the toagnifcude anddirection of the resnltuiitiire 
determined. 

141. Condition of Xquilibriiun fox Three or more 
Forces acting on a Particle, Atii/ number of forces act- 
ing on a particle in the same plane are in equilibrium 
when the algebraic sums of their components along any 
two axes at right angles to each other are equal to zero. 
For then R — 0, and this can only be true when 

X = and y — ; 

but X is the algebraic sum of the components along one 
axis X, and y along the other 
aiiB Y, 

This condition of equilibrium 
(analytical condition, it is called) 
may be taken in place of that 
given in Art, 136. 

142. Besolntios of a Force 
along Three Axes. A force may 
\m resolved into components 
along any three axes not in tbe 
same plane. For exnmple, let AF (Fig. 7fi) be the given 
force, and let the three lines drawn through A represent J 
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the given axes. Thon by rGvereiiig the conBtriiction oi 
Art. 135 the figure represented in Pig. 76 is completed, 
in which AB, AC, AD are the required components. 

In the application ot this, method the axes are ordi- 
narily taken at right angles to each other. Thus, if a, 
P, y ai-e the angles between the given force {R) and tlie 
axes .T" {AB), Y {AC), and Z {AD) respectively, the 
three components x, y, % are 

a: = ^ cos ff, y = R COS fi, z = R cos y. 

Tlie resultaul of any number of forces, Ei, fla, flj. etc., ac 
Id different planea at llie sume point, may be obtainud by canTingj 
out tliis metliod; for, take a,, fi,, y, to represeut t!ie augks 
by Bi with the three axes S, Y, Z respectively, aiid a,, fit, ; 
the angles of the force Bi with the same axeij, and so on; al 
«, y, t represent the eum of the components of the forces a 
ttie respective axes; then 

:os«, + fl.co9a. + elc„ 
>s^, + B, «)BA + i;.cos/J. + elc., 
)3 y, + H, cos y, + B, cos y, -f- etc.. 

Resultant = f a* -f jr' + s*. 
Also, any number of forces acting in different plar 
ticle will keep it in eqiiilitirium if the eum of Ihcir c 
along any three axes al right angles to each other is equal to zt 



Whalportionof it is felt north? "What portion east T 

a. A weight of 10 lbs. (Fig. 6(1, p. 144) is supported by ti 
of equal leugth allached to nails in the ceiling; What is the tens 
of each of the strings for the following angles between t 
0' (parallel), 80°, 00°. 90°, 180°, 150°, ISO"? 
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8. A weight of SO Iba. is supported by two Btrings at an angle 
of 140°; one (a) goes (Pig. 66. p. 144) ]iorJ7.oti tally to the vertical 
wall, and the other (i) to the ceiling ; Wliut ia the tension of the 
two sUhiga! 

4. If the angle in cxainplc 3 is 15\]', wliut are the- tensions of a 

5. A picture, whose weight is 60 lbs., is BUpporled by a cord 
attached to the upper comers and carried over a Bnii so as lo 
include an angle of 80°. If the top of the picture is horizontal, 
what are the tensions of the strings? 

6. A horse drags a sled by a rope inclined at an angle of 15° 
with the ground; the tension of the rope is 600 lbs. ; What is the 
effective component of the force exerted? What becomes of the 
other componeut? 

. A weight of 18 Iba. ifl Hupported by two strings, one of which 
makes an angle of S0° with the vertical, and the other 00° : Find 
ttie tension of each string. 



. Find the magnitude and direction of the resultant of the 
following forces: P-100 lbs., ^ = 60, S = 200; the angle be- 
.ween Pa.adQ = 60°, between Q and 8 = 120°, 

2. Required the msgiiilude an-d direction of tlie resultant of 
the following forces: P= § = S = r= 100 lbs. The angles a'e 

9 follows : between P and Q = 30°, between Q and S = 130°, 
iKtween S and T= 30°. 

3. Required the magnitude and direction of the resultant of 
the following forces: P- Q = 100 lbs., S= T=200 lbs. The 
angles are: between Paud Q = 90°, Q and S= 135°, B and T= BO 

4. Pour forces, P, Q, 8, T, CHch. equal in magnitude to JOO lbs., 
have the following directions : P= N. 80° E., Q = N. 80° W., 

: B. 60° W., r = S. 80° E. '. What is their resultant in direction 
andinagniludc? 

6. Three forces, P, Q, S, each equal In magnitude to 200 lbs., 
act respectively N. 4S" B., and S. 45° E.. and S. . What is the 
direction and magnitude of their resultaot? 

6. Three forces, P— Q = 8 = 100 lbs., act respectively E,, 
W. 80° W., 8. 80° W, : Wliat force will hold them hi equilibrium! J 




7, What 'oree will balance the action of the four forces P= 
§ = S= ?■= 100 lbs., acting respectively N. aO" E.. N. 70° ¥., 
8, 15" W., a. 43° E.T 

Composition and Resolution of Parallel Forces. 

143. Parallel Fotcbb. Forces are said to be pauallei 
wiion their lines of action are parallel. They are liki 
jiiirallol forces if they act in the same direction, an 
ttnlike when acting in opposite directions. 

144. (1) Like Pakallel Forceb. Tlie resultant i 
two like parallel forces acting on a rigid body is equal i 
their sum, acts in the same direction v ith them and a 
a point which divides the distance between them in fh 
inverse ratio of the forces. 

Let (Fig. 77) the two like parallel forces P and Q act' 
at the points A and B, Bupjiosed to be rigidly connected,j 




a let them be represented hy AB and BM respectiTsIj 

Also, at A and B let two equal and opjiosite for"^^ 
s and s', be applied; they will not chiinge the 
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ditiona, since they, taken alone, baiance one another. 
Find the resultant AG of P and s, also the resultant 
BL of Q and s', and jiroduce their lines of action till 
.her meet at D. We may, by Art. 182, suppose them 
to act at B in their respective directions. Now resolve 
them (137) into their components again in directions par- 
allel to their original directions : the components s{Df) 
and s' {Dk) will balance each other and may be disre- 
garded; and the other components, P (Dh) and Q 
{Dm), both act in the line DC. Their resultant is 
therefore equal to their sum (^R ~ P -{- Q), and may be 
regarded as acting at the point C. 

Again, since the triangles DCA, AUG are similar, 
and also the triangles DGB, BML, we have 



DC _ AH _ 
AG QH 

J)C _ BM _ 
VB ~ ML~ 



Then dividing (1) by (9), 



(1) 
(2) 



(3) 



This final equation proves that the line AB is divided 
Bt C into segments which are inversely as the forces. 
From (3), by inversion and composition, we obtain 

(4) 



AC Q__ AC q 

BO+AO~ P+Q' " a6~ IV 



.1 B^ P BC P ... 



' 145. (2) Unlike Parallel Fokces. The resfiHaiit I 
of two unhke parallel farces is equal to their differenct, T 
acts in tite direction of t/ie greater force, and at a poinl 1 
outside of it which divides the distance between tks twi J 
forces externdlhf in the inverse ratio of the forces. 

Let (Fig. ?8) the two nnlike parallel forces P and Q I 
act at the poiute A and B, rigid); connected, and let 1 



them be represented by AH and B^ respectively, 
before, apply two equal and opposite forces, s and s', » 
A and B. Find the resultant j4G of P and s, and t' 
resultant BL of Q and s'. Produce their lines of a 
till they meet at D ; tliej will meet in all cases unless ^ 
and Q are equal (150). Suppose the resultants to act l^ 
this point in theu- respective directions, and resolve thMj 
into components parallel to the directions of P (and ^T 
and s. Of tliese components s [Df) and s' (-Oi) i " 
balance each other, and Dh (= P) and Dm {=^ Q) n 
act at D in the same lino and in opposite directioDi 
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Their resultant will therefore be equal to their diff^eAce 
(or algebraic sum); that is, in this case ^ 

Also, this resultant may be regarded as acting at C in 
the line CD ; that is, parallel to and on the side of the 
greater force. 

Again, since the triangles ADC and A OF are similar, 
as also the triangles BDC and LMB ; then 



DC _F0 __P 
AC AF'^ s' 



(1) 



Ai DC BM Q .^. 

^^'^^ BC=ldL= ?• ^^^ 



Dividing (1) by (2), we have 

BG _P 
AG~ Q- 



(3) 



That is, the point (7 divides the line AB externally into 
two segments which are inversely proportional to the 
forces. 

Also, we obtain from (3) 

BC P BC P ,,. 



BC-ACP-q AB^ K 

Ai ^^ Q AC_Q ,^. 

^'""^ BC-AC-T^' """^ AB^E' ^^^ 

Taking together equations (3), (4), and (5) of the pre- 
ceding article, and also the corresponding ones of this 
article, it is seen that : Of two parallel forces and their 
resultant, each force is proportional to the distance Ja- 
tween th$ oth$r two* 
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146. Experimental Verifc&tion. The principles dem- 
onstrated for like and unlike parallel forces may also be 
verified by experiment. (1) Let (Fig. 79) a:j be a rigid 
rod suspended at its middle point C. Also, let two 



%^ 



g B V a B 



I 



weiglits P and Q be taken and hung on the bar ; they 
are then two like parallel forpes. It will be found that 
in order to have equilibrium a weight R oqaal to i* -(- 6i 
mnat be hung by the thread over the pulley a, and also, 
that P and Q must be so situated that 
P _BG 

(2) Again, let (Fig: 80) Q be hnng to the rod, and I 
suspended by the thread over the pulley ; they are then 
two unlike parallel forces. In this case, to maintain 
equilibrium B must be equal ia P — Q. Also, Q ani 
B must be so situated that 



AO ^ 
~ BA' 



that \i 



BG 
''AG' 



147, In the case of more than two parallel forces Cbi 
resultant is found as follows : First tate the resultant d 
two of the forces, then that of this resultant and thi 
third force, and bo on ; the final resultant will be thifl 
of all the forces involved. 
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1 The point at which this final resultant of several paral- 
lel forces acts is called the centre of parallel forces. 

148. Three Parallel Forces in !Bqiiilibriiiin. If three 
parallel forces keep a body in eqiiililirium, then each 
must be opposite to the resultant of the other two; that 
ia, two of them must be like, and the third, equal to 
their sum, must act in an opposite direction at a point 
between them and at distances in inverse ratio to thtm. 

149. Resolution of Parallel Forces. A single force 
may also be resolved into components parallel to it and 
to each other. To accomplisli this it is only uecesBary 
to remember the rule given that the distances from the 
resultant force to the components are inversely as tliese 
forces. 

For eiami>le, a weight W is hung at a certain point 
Con the rigid rod AB (Fig. 81); it ia required to find 



17- 



the component pressures P and Q at A and B respec- 
tively. Divide W into two such parts that P -\- Q = If', 

SO P 
and -;->; = -77- O'l from the final principle in Art. 145, 

AC Q 

, and - — 



,, AB 



Again, ABO (Fig. 82) ia alaWe witii a triangular top; a 
lapiaccd at a point 0; it is requirtd to find the pressure it 
on each of ilie leRS at A. B, mid G. Draw AD, BE, CF, each 
tlirough the point 0; then 
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also AFO. BFO, have tha 



sincp llic triaoglM AFC. FBC. 
e altitudes, 

BF _ BFC _ BFO _ BOG 
AF ~ AFV ~ AFO ~ AOO 

P_BOO 
' ' Q~ AOC 



Tlierefore P : Q : S= BOC : AOO : AOB. 

As llic problem would ordinarily l>c slated, the position of the 
point would give imojediately the aegmeata BF, AF, acd BD, 




DC, etc., and therefore equation <1), reracmberlng, bIso, I 
P-\- Q + S = W, would give the numerical solution. 

If llie point is situated at the intersection of the three lia 
drawn from the yertices to the middle points of the opposite aide 
then obviously 

P^q = S^\W. (See also 166, Cot. 1.) 

150- Couples, The case of two equal and unlike par 
lei forces is peculiar, since they have no reeulbant; 
other words, their action cannot be balanced by t 
action of any single force. In Art. 145 above, if i' = ( 
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then ^ = 0; but when R = 0, the values of £C (4) and 
AC (5) become infinite. This result may also be derived 
directly from Fig. 78, for as the difference between P and 
Q continually diminishes the point C recedes, and when 
P {Aff) = Q (BM) the lines AO and BL will be 
parallel, and therefore C'will beat an infinite distance. 

Two eqnal and unlike parallel forces are called a 
Couple. When acting on a free body a couple tends to 
produce rotation, and tiie body can only be kept in 
equilibrium by the action of a second conple whose 
moment of rotation (as defined below) is the same and 
in an opposite direction. 

The tendency of a couple to produce rotation is 
measured by the moment of the couple; this term will he 
further explained in the following article. This moment 
is equal to the product of either force into the distance 
between them. In the discussion of the general pro- 
blems which arise in higher Mechanics, couples play a 
very important part, but in this elementary discussion 
of the subject reference is seldom made to them, since 
problems involving the rotation of bodies are for the 
most part excluded. 

EXAMPLES. 

XXir. BtraUa ForoiH. Articles 143-149. 

1. Find the resultant of the following parallel forces, and the 
podtloa of the point at which it acta ; (Compare Figa. T7 and 78. ) 



Q = 18. AG= 81. 



e Q and the point ftt wliicli it acta In the follow- 



(a) P = a 
(6) P=E. 



(rf) P=6 



.4(7=48. 



3. A rigiil rod, supported at the enils A and iJ, has a wei^l at 
«, Iha hting 8 fe*t from A and 18 feet from B: What preasurea dQ 
the supports fcti V The weight of the rod itself is neglected LctB( 
as, too, in the following examples. 

4. ^BClsarigld rod, uli?ii weigh! TTiahung, so l]iat^lS=l 
and BC= IH; Uie pressure at J is 32 lbs, . Whal ia the pressure* 
0. and what Is W ? 

5. ABGD is a rigid rod; a weight of 4 Ihs. is hung at the ei 
A, and auother of 8 lbs at C [4C — 20 in.); it is supported at J 
(BA = 10 Id.) and D {DA = 80 in.): Wliat is Hie pressure o) 
supports ? 

(i. A weight of 144 lbs is carried by means of a i.gid rod oi 
sliouiders {al the same Leight) of two men A and B; the distant 
from Ihem arc 5 and 7 fei'l respectively: What weight does eai 
carry! 

7. A table has as its lop an equilateral triangle ABC (Fig. 8S)i' 
weight ol 30 lbs, is placed at O. so that tlie pcrpendlcidar distant 
from & on BO = 18 in,, and those on AC, .^5 each equal ffl 
What Is the pressure on each of the three legs 1 

8. The 1 op of a table is an isosceles triangle AB-AO = Ziteef 
at a point O, situated at a distance ol 5 inches from each of tb 
equal sidra, a weight of 16 lbs. Is placed: What pressure is felt t 
A. B, and CI {BAG = 00°.) 

9. A rod, whose weight acis al Hi middle point, rests ■ 
vertical props placed at the ends Where must a weight, equal ttj 
twice that ol the rod, be pinccd Uiiil the pressure on the propi 
shall be as 5 : 1 ! 

10. A rod, whose weight of 18 lbs. acta at its middle point, Ib 
feet long, and earries a weight of 90 lbs, 1 fool from on 
What ore the pressures od two vertical props placed at the endf 



Forces tending to produce Rotaiion — Moments. 

151. In all the cases considered thus far, the tendency 

of forces to produce motion of translation has alone been 

involved (the remarks in regard to couples are to be es- 

ipted). We liitve now to do ■with forces which tend to 

produce a motion of rotation. 

If a body has a fixed point or axis and a force acts on 
it in any direction except that passing through this point 
da, it will tend to produce rotation about it. This 
is aeon when a force acts on the edge of a wheel free to 
tnrn on an axis. 

162. Komeiit, The moment of a force is the measure 
iof the tendency of a force to produce rotation about a 
fixed point. 

The moment of a force with respect to any point may 
he demonstrated to be equal to the product of tJie force 
'into the perpendicular distance from the point of rotation 
to the line of action of the force. 

This rotatory eflieet of the force consequently depends 
(1) on the magnitude of tlio force, and (2) on the por- 
jKindicular distance from the fixed point upon ita line of 
inction — OT, briefly, upon the length of its arm. 

For example, let (Fig. 83) a force P act at the point 
Son the rigid bar ^fi to produce rotation about the 
fixed point A: its moment ia equal to the product of the 
force into ita arm; viz., 

moment of P = P.AB, 

This moment is increased as the magnitude of P is in- 
.creased, and also as the distance A B is increased. 

If the force acts obliquely, as in Figs. 84 and 85, in 



this case also the product of the same factors gives tbe 
momeiit of the f orc«, but the arm is now ^I C; that is, 

moment of /* = P.AC. 

The same result would be obtained if the effective 
component of P were multiplied by the length of the 

f 



whole line A B. In the first case (Fig, 84), calling the 
angle ABC = /9, we hare, as the moment of the force. 
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P.AO = p. AB tm fi; 



(1) 



■■^jf in the second ease (Fig- 86), by resoli 
\,y'' ing P, we have 

c 
Fio. as. P sin fi,AB. (2) 

Jt is seen that (1) and (2) are identical. It is more coit 
Tenient, and less likely to lead to error, if the rule giTen 
on page Ifil in italics is uniformly observed, 

153. Positive and Negative Koments. As one force 
may tend to turn a body in one direction, and another 
force in the opposite direction, it ia necessary to distin- 
guish between their moments in this particular. This ij 
accomplished by calling the momenta positive (+) whei 
^he tendency is to turn "the body in one direction, 6 
those negative (— ) which have the reverse tende 

164. Geometrical Representation of the Uoment of I 
Foioe. For purposes of demonstration it is often co^ 



r 
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venient to consider tlie moment of a force as repre- 
sented geometrically by double the area of a triangle 
having the line representing the 
force as its base and the given 
point as its vertex. Thus (i''ig. 
87), the moment of the force P 
(AB) aboat tho point C is oqual i 
to AB.CD, and thia is double ■* ^v^al'm. 
the area of the triangle ABC. 

165. The algebraic sum of ihe moments of two or more 
forces with respect to any point in their plane is equal 
to the moment of their resvUani. 

Let AB, AB (Figs. 88, 89, 90) represent two forces, 

I P and Q; AC, the diagonal of the parallelogram ABCD 

constructed upon them, will be their rcHwltant {j?}. The 

I algebraic sum of the moments of AB (— AB.Eb) and 

AB (= AD. Ed), with respect to any point E, is equal 

to the moment of AC {= AC'.Er) with respect to the 

a point. There are three cases to be considered: 

(a) The point E falls without the angles DAB or 
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have equal bases, AB and DC, and the altitude of the 
firet triangle — that is, th« perpeiidicnlar from £ on AB 
— 18 equal to tbe sum of the altitudes of the other tri- 
iinglesj that is, the perpend ieulara on the line DC from, 
the yertices E and A. Henee 

triangle ABE = triangle ADC + triangle SDC, 

= triangle AEO — triangle ADE; 

.-. triangle ABE + triangle ADE = triangle AEC. 

If we multiply thia equation by H, we hayo (by 154) 

moment of .P + moment ot Q = moment of R. 

(6) The point E falls within one of the angles name^. 
above (Fig. 89), and the moments of P and Q are oi 




opposite kinds. The triangle AEB is equal to theJ 
difference of the triangles ADC, EDO, for they have 
equal bases AB and DG, and the altitude of the 1 
triangle (the perpendicular from E on AB) is ec 
to the difference of the altitudes of the others (the pa 
pendiculars from A and £'on DC). Heuce 

triangle AEB = triangle ADC — triangle EDO, 

= triangle AED + triangle AEC; 

, triangle AEB - triangle AED = triangle AEO, j 



Multiplying tliia ef(uatiou by 2, we obtain (by ISi) 

moment of P — moment of ^ = moment of R. 

(c) Tho point B falls on the line of the resiiltart 
(Fig. 90). Since the perpendicular distances from £ 




snd2> on ^C are equal, the triangles A ED, AEB haye 
the same base and equal altitudes, and are therefore 
equal. 

triangle ABD = ti-iangle AEB, 

triangle A ED — triangle J EB = 0. 

Mnltiplying by 3, we have 

moment of F — moment of Q = 0. 

This is in aecordance with the proposition, for the 
moment of tho resultant is oijv.iously zero for this final 
:. The principle here established is an important 
«ne: ike algebraic sum of the moments of two forces is 
zero for any point on the line of their resultant. 

The result reached in this article may be readily 
extended to any number of forcea acting in the same 
plane, whetlier they intersect at a common point or are 
parallel. 

166, A body, free to turn about a fired axis and acttol 
upon bj/ forces m a plane perpendicular to this a. 
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be in equilibrium if the algebraic sum of the wiompit/* 
of all (he forces about Ihis axis is zero. 

According to llie condition the body is only free ta 
rotate in one plune perpendicular to its axis. In o 
that it should be in emiillbrium the tendency to rotate 
in one direction must be bahinced by the tendency tft 
rotate in the opposite direction. Tliis condition is satis- 
fled only when the algebraic sum of the moments of alt 
the forces with respect to the asis is zero. By the con- 
eluding paragraph in the preceding article it is evidea| 
that the resultant (unless equal to zero) of all the forcef 
must pass through this asis, for only m this case can it 
moment be equal to zero. 

This proposition is a moat important ont 
many applications; it is often called the Fbincifi,e q] 
THE Levek. 

157. Free and Constrained Body. A^body -which maj 
move, unrestrained in any direetion is said to be frei 
On the other hapd, a body whose mofion is restricted i 
any way is said io be constrained. j 

An example of a constrained bofly is mentioned i 
the preceding ai'ticle, and the condition of equilibrionj! 
for atich a bpdy, free to rotjite ^nly, is there giyen. 
Another example would bo the case of a body strung oi 
two wires an^ free only to slide in their direction; thd 
is, to have motion of translation. The obvious -coQ^ 
tion of equilibrium here is that the algebraic sum of t 
components of the foroea taken in the giyen direotii^ 
should be equal to zero. 

The conditions of equilibrium for a free body, aotat 
upon by any number of forces in one plane, require thii 
(a) it should not slide — that is, have motion o( \ 
lation— and that (b) it should qot rotate. 
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168. The various Conditions of Equilibrium for 
forces acting on a body in one plane, which hold true 
^ under the various circumstances, may be summed up 
here as follows : 

{A) For two forces: They must (1) act at the game 
point; (3) they mnat he opposite; and (3) they must be 
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For (a) the algebraic sum of the components in any i 
two directions at right angles to each other must be 
equal to zero {141). j 

For (5) the algebraic sum of the moments of the forces 
about any point in the plane must also reduce to zero 
(156). 



XXin. Momenta. Artipies 151-15S. 

1. A force, P= 13 lbs., acta at right angles to an arm 6 feel 
long: What is its moment? 

2. A rigid rod jtB, 8 feet long and free to turn about B, is 
acted on by a force, P~ 64 lbs., wbose direction mnkea an angle 
of 4U' witb AH-. What is the moment of F ? 

3. A force, P=l.501bs., acta at the extremity of arod,-lB, 
13 feet long, and at an angle of 160° : Wbat i» the moment of P 
about S? 

4. A bar 6 feet long and piynted at the middle has a weight 
of 34 lbs. hung at one cstremitj: What is the moment of the 
weight (n) when the bar is hori/Jsntal, (i) when it makes an angle 
of 40' below, and (c) of 60° above- with the horizonlJil posilionf 

[Other examples involving the momenta of forces are given 
Under the I-ever.J 
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or (/9) different lines of action ; or (5) they must be 
piirallel. 

(fl) a. If they act in the eame line, their aJgebnue 
sum must be e(iual to zero (127), 

(S. (1) K thoy act at the same point and not in 
tlie same line, they naay be represented by the aides 
of a triangle taken ia order (133); or, (2) Each wiH 
be proportional to the sine of the angle between the 
directions of the other two (133, Cor.). 

(5) If parallel, two must be like parallel forces, 
and the third must be equal to their sum and aci 
in an ojiposite direction to them at a point distant 
from them in tlie inyerse ratio of the forces (148). 

(6'). For more than three forces : 

(«) a. If they act in the same line, their algebrai< 
sum must be equal to zero (127). 

/3. If they act at the same point (produced i 
necessary), but not in tho same line, then; (1) Thej 
may be represented by the sides of a polygon takefl 
in order (130) ; or, (2) The algebraic sum of their 
components along any taa lines at right angles 
. eaeh other must be equal to zero (141). 

(6) If tliey are parallel, the algebraic sum of their 
moments with respect to any point in the plane 
must be equal to zero. 

(c) If they act at different points or in different 

1 directions, then: (1) The algebraic sum of their 

\ components along any two lines at right angles to 

each other must be equal to zero: and also, (2) The 

algebraic sura of the moments of the forces about' 

L any point in the plane must be equal to zero (157). 




CHAPTER Vn.-CENTRE OF GRAVITY. 

A. CENTRE OF fiKAVITY OF DODIES — PLANE AND SOLID. 

159. Definition of the Centre of Gravity. The altrac- 
tiou of t.lie eai'lL upon all pjLTtidcs of mutter upon its 
surface iB eierteil in the direction of lioea di-awn to the 
centre. For the pai'ticles of the same hody, or of neigh- 
boring bodies, these lines may bo regarded aa parallel. 
For a given body the resultant of all tliese parallel forces 
vill act, whatever its position, at a eortain point, called 
■the centre of gravity. Hence 

Tlie centre of gravity of a hady is that point at which 
ifhe whole weight of the body may be considered aa concen- 
iratedj or — 

li is a point at which the body, if supported there and 
if acted upon only by gravity, will balattce in every 
position. 

The definition may be extended to the ease of a aystem 
'pt bodies if we suppose them and their centre of gravity 
"to be rigidly connected, 

160. Tlie tJentrer of^Grarlty of Two Bodies. Let P 

and Q {Fig. »1) be any two 
bodi^ of known weight. It 
is required to find the posi- 
tion of their centre of grav- 
'^ ity. The weights may be 
considered as two like paral- 
lel forces whose resultant (144) 
Irill be equal to their sum and will act at a point which 
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Bliall divide the distance between tliem in the inversQ 
nitio gf tiie forces. Therufore, il the straight line AS 
be drawn uud the poiut O taken on it, so that 

G will bo the centre of gravity of P and Q. If thii 

point be rigidly connected with the two bodies, the ey* 
teni, supported tliere, will balance in every position. 

161. The Centre of Gravity of any Number of Bodiei, 

Lyt P, Q, ,S', and 3' (Fig. 92) be four bodies of known' 
weight and occupying certain positioua with refer- 
jf eiice to each other. 

required to find their com- 
mon centre of gravity. Ob 
the straight line AB join- 
~f iug the positions of P and. 
Q take E, so that 
AE_Q_ 
EB P' 
^'^' ^- then, by 160, j: wiE be the 

centre of gravity of P and Q. Again, suppose P + Q 
to act at E, and on the line EC take F, so that 
EF^ _ 8 
FO ~ P+Q' 

then F is the centre of gravity of P, Q, and S. Again, 
suppose jP -f- + -^ to act at i^, and on the line BF 
G, so that 

FO _ T 

Pfj- P + Q+S' 
then G is the centre of gravity of the four bodies P, ^ 
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S, and T, and if it were rigidly connected with them the 
Bystem would balance in every position. 

This method could obviously be extended, whatever 
the number or positions of the given bodies. 

162. The Centre of Gravity of a Straight Line. The 
centre of gravity of a straight line is at tls middle point. 
Snppose the line to be mode up of a series of material 
particles of equal weight ; the centre of gravity of each 
pair of them taken at equal distances from the centre of 
the line will be at this point. Hence the centre of grav- 
ity of the whole line will be at its centre. 

163. The Position of the Centre of Qravity of any Plane 
Fig nra determined by its Byinm€try, T/ie centre of gravi- 
ty of any gtviiU'CricalJigure, it'hich is symnielrical with 





reference to an axis, lies in this axis. By a plane figure 
:is here meant any material geometrical figure whose thick- 
ineas is uniform and indefinitely small in reference to its 
■other dimensions. 

Snppose the figure to be made up of parallel material 
liines, all bisected, according to the supposition, by the 

ttxSs of symmetry. Tlie centre of gravity of each of 
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these lines (163), and, therefore, of all of them taken 
together — that is, of the whole figure — will lie in this 
mis. If the figure has two axea of symmetry, theii ■ 
point of interaection will determine the centro of gravity. 

For example, the quadi'i lateral ABCD in Fig. 93, 
made up of two isosceles triangles placed base to base, ia 
symmetrical with reference to the axis BD, for it bi-" 
seets at right angles all Hues drawn parallel to -AQ)' 
heucc the centre of gravity o£ the figure is in BD. So.' 
also if, in Fig. 94, AC and BD are both axes of sym- 
metry, the centre of gravity must lie at their point o£' 
intersection. 

164. Centre of Gravity of Eegnlar Polygons. The posi- 
tion of the centre of gravity of tlio regular polygons it 
given immediately by this principle of symme-try. Fot 
example, in the equilateral triangle {Fig. 96) it is at ff, 
the intersection of the three axea of symmetry drawS 




from the vertices to the middle points of the opposite 
sides; in the square (Fig. 90), at the intersection of 
the lines joining the middle points of the two opposite 
sides, or of the dotted lines joining the opposite angles ; 
in the regular pentagon {Fig. 97), at the common point 
of intersection of the five lines, each drawn from a ver- 
tex to the middle of the side opposite ; in the hexagon i 
(Fig. 98), at the intersection of the three lines j 
the middle points of the opposite sides, or of thei 
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dotted lines joining the opposite angles; and bo on. 
the circle, every diameter is an axis of symmetry ; the 
centre of gravity is consequently at the centre. 

165. Centre of Gravity of a Parallelo^am, The cen- 
tre of gravity of a parallelogram is at the point of inter- 
section of the two diagonals. Let ABCD {Fig. f)9) be a 
parallelogram whose diagonals intersect at G ; this point 
IB the centre of gravity. Draw any line tigb parallel to 
the diagonal DQB; it is bisected by the other diagonal 
AGC. For from the similar triangles Adg, ADO, and 
Agb, A GB, 



dg__ 
DG~ 



^L and 



OB ' 



or -y = — 



'AG' 

DO 
GB- 



But, by geometry, Z)(7=: OB; hence dg = gb ; therefoi-e 
the centre of gravity of tJiia line (103) must be at g. 
Hence, if the whole figure be considered as made up ot 




material lines parallel to DB, the centre of gravity of 

each—that is, of the whole figure — must be in A C. In 
the same way it may be shown to lie in DB, and there- 
f ie it must be at their point of intersection G. 

It may also be shown that the same point is deter- 
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mined hy the intersection of the lines (Fig. 100) EF 
and //A' joining the middle points of the opposite 
sides. 

166. Centre of Gravity of a Triangle. The txnlre cf 
grarily of any trianglt it m 
the line drawn from eitjier ver- 
tex to the middle point itf til 
opposite side, and one third of 
the distance from this *i(fo. 

Let ABC be a triangle (Fig. 

101); from the vertex A draw 

-J. AD to the middle point of the 

opposite dde iff; also draw 

any line bdc parallel to BDC. 

Since the triangles Abd, ABD, and Adc, ADC, are 




U Ad 
BD " .W 


and 


dc Ad 
DC~ AD' 


hd dc 
■ BD ~ DC" 


■or 


U BD 

de ~ DC 



But, by constrnction, SS = DC; hence bd = dc, and the 
centre of gravity of the line ic ia at d, on the line AD. 
Therefore it foUowa that the centre of gravity of idl the 
material lines parallel to BC, of which the triangle nmj 
be considered as made up, lies in AD, and hence also 
that of the whole figure. 

Draw from the vertex B the line BE to the middle 
point E of the side AC; in the same way it may be 
proved that the centre of gravity of the triangle niiiflt 
lie in BE. Hence it must be at the intersection of AS 
and BE; that is, at G. 



^ 
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Connect J)S; since the triangles A GB and DG£: are 

similar, and also the trianglea J^Cand EDO, 

AGAB AB_BC 

GB " DE' '^'^ DE - DO' 

AG _B0 _it 

' ' GD~ DC~ V 

That is, 6D ia one half of AG and one third of AD. 

Cor, 1, The centre of gravity of three heavy bodies 
of eqnal weight will coincide with tlie centre of gravity 
of the triangle whose vertices occupy the position of the 
three bodies. For (Fig. 103) the centre of gravity of 
the equal weights B and C will be at D, so that ED = 
DC (160). Also, the centre of gravity of B and (7 
together at D, and of the third ^ 

weight at A, will be at G, 

,, ,AG 2 AD 3 
8othat^ = ^.or^ = -. 

But the same point G is also 
the centre of gravity of the 
triangle ABC. 

Cor. 2. Thecentreof gravity 
of a polygon can be found by dividing it into triangles, 
taking the centre of gravity of each by the above article 
and then proceeding as in Art. 161. The weights of 
the triangles are taken as proportional to their areas. 

167. The Centre of Gravity of a Solid Fignre, The 
centre of gravity of a solid, which is si/mmelriciil with 
reference to any plane, must lie tn this plane. This fol- 
lows from the same conaideration as that in Art. 163. 
If there are two planes of symmetry, the centre of gravi- 




Fio. 103. 



fol- J 
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tj will lie m their line of intersection ; aad if three, i 
the point in which tliey all intersect. Therefore ths 
centre of gravity of a sphere is at ita centre ; of a ejlin- 
der, at the middle point of its axis ; of a rectangulu 
solid, at the point ofiotersectionoftlirepplanosdrawnpa^ 
allel to, and mid way between, each paif of opposite sides. 
168. The Centre of Gravity of a Triangolar Pyramid, 
T?ie centre of grafity of u triangular pyramid ts on thi 
line drawn from a verte-c to tlie centre of gravity of /i* 
Opposite side, and one fourth of the distance from tlat 
side. Let A BCD (Fig. 103) be a triangular pyramii 
Take E, the middle point of DC, and draw BE; "then F, 
one third of the distance on BEtrom E, is (166) the 
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4 

of the triangle hcd. For from the similar triangles Ace^ 
ACE, and Jc^, AED, 

ce Ae , ed Ae 

and 



CE ■" AE' ED ■" AE' 

ce ed ce CE 

or 



' ' CE" ED' ed ED' 

But CE^= ED; hence ce = cc?, and e is the middle point 
of cd. Again, from the similar triangles Abf, ABF, 
and Afe, AFE, 

¥_-AL and A-A/:. 
BF'^ AF FE'~ AF' 

If fe If BF 

• BF'~ FE* fe'~ FE' 

But ^/^ = ^FE; hence ^^/* = 2/e, and/^ = ^^e, and / is 
a point on the line drawn from the vertex h to the mid- 
dle point of the opposite side one third of the distance 
from that side; hence (166) /is the centre of gravity of 
the triangle hcd. 

If now the whole figure be thought of as made up of 
material triangles all parallel to BCD, the centre of 
gravity of each one, and hence of the whole pyramid, 
will lie in the line AF. For the same reason it will lie 
in the line BH, drawn from B to the centre of gravity 
of the side ACD\ hence it will be at their point of in- 
tersection 0, 

Since now the triangles HOF fun^ BOA are similar. 
as also the triangles HFE and A BE, we have 

FQ _FH FH _FE 

AG^AB' AB'^BE' 

FG _FE _\^ 
•'• AG" BE^d' 
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Tlierefore FO is one third of AGaai one (onrtli of 
tlio whole liuc AF. 

Cur. The centre of gravity of four heavy bodies of 
equal weight coincidea with the centre of gra-rity of the 
triangular pyramid at whose vertices these bodies are 
situated. This follows i]i the same way as did Cor. 1, 
Art. I(i6. 

169. To find the centre of gravity of a pyramid, 
having any rectilinear polygon aa its base: Divide thii 
biise into triangles by lines drawn from any angnlar 
point to the others, and suppose planes passed throngt 
the vertex and these lines. The pyramid is divided 
into a number of triangular pyi'amids. The centre t 
gravity of each of these will lie on the line drawn froiB 
the common vertex to ttiat of its baso aud one fourtl 
of the distance from the base; therefore the centre c 
gravity of tJio whole pyramid will lie in a plane parallel 
to the base and one fourth the distance from it. 

Again, snppose the pyramid made up of similar poly?" 
gons parallel to the base; the centre of gravity of each^ 
and therefore of the whole figure, will lie on a line drawl 
fi'om the vertex to the centre of gravity of the baa 
(determined as in Cor. 2, Art. 166). The centre < 
gravity of the pyramid will be at the point where thii 
line intersects the plane above determined; that is, on^ 
foiu'th of the distance from the base. 

170. To find the centre of gravity of a cone: Snppoa 
the cone he divided into an infinite number of triangultt 
pyramids; then, by the reasoning of the preceding a 
cle, it is obvious that the centre of gravity must lie in t 
plane parallel to the baee and one fourth the diatanoi 
from it to the vertex, and also in the line joining t 
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latter point with the centre of gravity of the base, and 
hence at their point of intersection. 

The centre of gravity of the material surface (taken 
in the same sense as in Art. 163) of a right cone lies on 
its axis and one third the distance from the base to the 
vertex. This is proved by showing it to be true first 
for a pyramid whose sides are triangles, and then pass- 
ing to the cone which is the limit of the pyramid when 
the sides are indefinitely increased in number. 

171. Problems. (1) Given the positions of the ceiitres of 
gravity of two knoivn parts of a body, to find the centre 
of gravity of the whole. Let the weights 
of the parts be w' and w" acting at the 
points g' and g"; then the centre of 
gravity of the whole will be on the line 
g'g'' at a point G so situated that 

'"G 



w 



-.9 



to 



n 



g'O' 
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For example, suppose the parts to be 

the isosceles triangle ABC and . the 

square BDEC, situated as in Fig. 104, 

and lei AF= 8 (side of square). The 

centre of gravity of the triangle is at g' {g'F = ^AF), 

iv' 1 
and of the square at ^" {Fg" = is) ; also, —j^ = -. There- 

w' 1 a^'C 
^^^® ^ = 2 "^ VG ' ^^^ ^'^" ^ ■^•'^' ^^^^® ^' ^ ~ ^'^' ^^^ 
g''G = ^-,s. 

(2) Given the positions of the centres of gravity of a 
body and of a known part, to find that of the remainder. 
Let W be the weight of the wliole, and w' of the part; 
then that of the remainder = W — w' (= w"); also, let 



[in 



: tllGn IB c 



H the centre of gravity of W bo at G, of w' at ff\ and of 

B the remainder (w") at (/". Join g' and <?, and take on 

■ the line produced -;—- = — n = -^jj— 

■ ' Gg' to" W- 
I required point. 

I For example, let the whole body bo a circle ABC 

I {Pig- 105) whose centre is G ; and the pai-t a second^ 

Fla.iaL 

circle whose centre is g', and whose diameter ia tktj 
radius [R) of the larger circle. Then ^jj^- = 




1 



W ' 
also, g'0 = ^R; hence 






and %" = i-ffi. 

EXOIPLES. 
XXrV. Cenira o/ Oravity. Articlca 139-171. 
[The connecting rods mentioned arc supposed, to be rigid, ai8 
except when otherwise stated, to be uniform and wilhou" 
weight.] 

1. Wlere is the centre of gravity of two bodies, A and B, 

weighing 4 and .5 lbs, respectively, rigidly connected by a weigfat- 

Jcss rod S4 inches long? 

3. Three weights of 3. 6. and 13 lbs. are hung, at A, B, ■ 
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respectively, on a ri^d bar; /LB= fl inclu's anit BG= 13 ioclics: 
Where will the bar balaure? 

a. Four weighia of 2, 3. 5. nn<l lbs., at A. B, C, and D. am 
connected rigidly in a straight Uu.c;-lfi=10, BC = », Ci) = 18; 
"WTiere is their centre of gravity? 

4. A rod AB, 18 ioclies long and weighiog 4 ounces, has a 
weight F~ 2 !bs. huug at the end B\ Wliero will it Imlaiifc! 

5. A rod AB, 24 inches long and weighing lialf a pound, bus a 
weight P = 5 llM. at a point 1 inch from jB: Where will it 
balance? 

6. What weight must \k hung at the end of a rod 3 feet long 
and weighing half a pound that it may balance 3 inches from 
that end! 

7. A rod 2 feet long and having a weight of 5 lbs. at one end 
baluncefi at a point f of an inch from thia end : What is it« weight? 

8. A heavy rod, 24 inches Ions' ^i<' weighing S lbs., balances 
alone at a point 10 inches from one end: What weight must be 
hung at tliu other eud in order that it may bidtiuce exactly in the 
middle? 

8- A ladder 40 feet long and weighing 60 llts, h!is its centre of 
gravity 16 feet from the larger end : (a) If supported by two men, 
A and B, at the estrcmities, wliat will they carry? (A) Where 
should A stand to divide the weight equally with S? 

10. A uniform rod AB, SO inches long and weighing S lbs., ha« 
a. weight of 13 oz. at the end A, and one of EI oz. two inches from 
B: Where will It balance? 

11, Weights of 8, 4, and 18 oz. respectively are placed at the 
vertices A. B, C of & triangle right-angled at B; AB = 18 
inches, B0= 9 inches: How far from C is their centre of gravity, 
and on what line? 

13. ABC is an isosceles triangle ; ^ir = .ie= 20 inches, BC = 
14 inohes; weights of 4 lbs. each are placed at A, B, respec- 
tively ■ Where is their centre of gravity, measured from A 1 

18. ABC is a imiform rod bent at right angles at B; AB = 
S0 = 1U inches: Where is its centre of gravity, measured from L'i 

14. A nniform square board, A.BCD (AB = 34 inchps), weighs 
3 lbs. - («) Where will it balance if a weight of 1 lb. is placed al 
4? (6) if equal weights of 1 lb, each at .1 and Bl (c) if equal 
veightaof Ub. web at ^. £, and C t 
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15, Where is ihe eenlre of gmTity o( Uie runajader or a equar 
Imard, ABCD (.IB = 34 iui-liL-s). {a) after u piece is cm out bj 
lini's ilruwu f rum A and B to the ttntruV (p) Again, if a piece ' 
cul out by lines joining tlic centre witli the middle pointa of 
adjuceut sides! (c) Again, if one comer la cut oS by a linu Join' 
in^ tlic itiid<llu points uf two adjacent aides? 

IB. ABO ia an isosceles triangle; AB~A0 = 2I) inches, BC-. 
32 Inches; ibu upper portion is cut off by a line joining tlu 
centres of these sides: Where ia the centre of gravity of the M* 
niuintlcrl 

17. A circle having a diameter of 13 inches baa a a 
cut out of it: the diamelerof the Utter is the radiiiaof the forma 
Where is the centre of gravity of the remainder? 

18. A circle has a dtuuieter of 10 inches ; a smaller circle ti 
guut to it and having a diamotur of 13 inches is cut out of 
Where is the centre of gravity of Uie remainderl 

19. Find the centre of gravity of a fniRtum of a, right co 
who%> altitude la 8 inches, and the diameters of the two bai 
6 and 13 inches reapectlvely. 

30. Find ttie centre ot gravity of a figure made up of t' 
isosceles triangles {Fig. D3. p. 171): BE - H, ED = 13. 

SI. Find the centre of gravity of a Hgurc made up of a squs 
and an isosceles Iriiinglc, tlie latter having ita base coincident wi 
and equal U> a side of the si]iiare (Fig. 104); tho altitude of t 
triangle, 13 iocbus. is twice the side of Ite square. 

23. Two uniEurm cylinders of equal lenglba {— 20 inches), w 
having diameters of 13 anil 6 ioohea, are joined so that their b3 
coincide: Where is the centre of gravity! 

3!. Al'PLlCATION OF THE PBINCIPLE3 OF THE CBNTaE 
GE.VVITY — EQUILIBRIUM AND STABILITY. 

172. Condition of Eiiuilibrinm. A body supported d 
a point, or o/i iiii, iixin. mid free to turn about it, will A 
ill I'ljuili/'rium, under the 'irlinii nf gravity, if iha v 
cat Hue through the centre of i]ravilg passes through fj| 
point or axis of support. Such a body (Figa. 106, lOJ 
108) is aotod upon by two forces, (1) tlio weight s 
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vertically downward througli the centre of gravity, and 
(2) the reaction tkrough the i>oiiit or line of support. 
Therefore (158, A) the body can be in eqnilibriuD only 
as these forces are eijual and opposite; that is, the verti- 




cM hno through the centre of gravity must pass through 
the point of support. 

173. Hence, to find the centre of gravity of any body 
hy experimmt: first support the body, as by a stritig, at 
one point, and when at rest extend the vertical line 
throngh the body; then suspend it from a second point, 
and also prolong this vertical line. The point of inter- 
section ot tliese two lines will be the required centre of 
gravity; for, by the above article, the centre of gravity lies 
in each of these lines, and will therefore be at their point 
of intersection. This method is often useful in the ease 
of irregular uusymmetrical bodies, to which the prin- 
ciples already given (163, 107) cannot be applied. 

174. If the vertical line through the centre of gravity 
does not pass through the point or line of support, the 
body will tend to rotate about this point or axis. For 
(Figs. 109, 110) the weight of the body ^'l^T, represented 
by tlie vortical line Gd, may be resolved into two com- 
ponents, one, Oa, on the Hue GS drawn to the axis, and 
the other, Gh, at right angles to it. The first component 
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nent W^^ 



180 STATIC8. 

that tlie body tends to return to its original position I 
wlicii displaced slightly. In uDstable equilibrium it I 
is at the hiyhest ]>ossiblG point, and is lowered by i 
change of position. In ueutrul equilibrium it i 
at a fixed distance from the Bup])ort, whatever the posi- 
tion of the body. 

176, StabilitT of a Body resting on a Base. A body 

resliug upon a hiigv will siawl or full according as the 
vcr/ical line through the centre of gravity falls within or 
without the base of support. By base of supixirt is meant 
the salient polygon formed hy lines joining the extreme 
points of support. For exEimple, for a table with three 
legs it is a triangle formed by linea joining their extremi- 
ties. 
This principle is illustrated in Figs. 115, 116, 117, 




In each caSe, let a vertical line through the centre 
of gravity (G) represent the weight of the body; then, 
taking the moment (153) of the weight about the point 
0, wliich would be the axis in case of an overturn in 
that direction, the product of If^'X EC measures the ten- 
dency of the body to retain its position (Figs. 115, 116), 
and the product Wx CE, Fig. 1] 8, measures the tendency 
of the body to overturn. In Fig. 117 the line of tha 
Weight passes through tho axis of rotation; hence its 
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moment is zero, and Llie body k on the jioiat of over- 
tun liiig. 

Ill general, when the vertical lino of the weight falls 
witiiiix the baae, the product of the weight into the per- 
pendicular distance to the nearest aide is called the jito- 
me?it of stability. When tiie same line falls without, this 
product of the weight into the jierpendicular diatance 
to the nearest side ia called the viommt of inalubilily. 

177. ConditianB upon which the Stabilitr of a Body 
depends. If, as in Figs. 110, 130, ii force [' acts, as indi- 
cateil, jkt tlie point A, the body will be on the point of 
overturning wheu the momenta of I' and H' about C are 
e({ual and opposite (156). If, in general, the arm of P 
is R {here BC), and of IF is r {EC), then 

PxR= ir X r. 

Also, if a force P acta to support a body tending to over- 
turn (as, for example, a prop), then the same equation 




will hold true when the body ia supported, as shown in 
Fig. 122, aud the value of P given by the equation is 
the preeaure on the prop. 

In the first caae it is obvious that the greater the over- 
turning force required, the greater the stability of the 
body. But from the above equation, P must 
If increases; that ia— 
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In order that the body should actnally be ovorturned 
f P must continue to act (Figs. 123, 124, 125), diminish- 
ing continually as r diminishes, and becoming zero when 
the body is in the second position indicated in each 
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figure. Hence irork is done in a^comphshing this re- 
sult, and this is estimated most simply by the product 
of the weight into the distance which the centre of 
gravity is raised (97). The work done increases aa the 
position of the centre of gravity is lowered. For ex- 
ample, the initial values of P are the same in Figs. 133, 
124, and 125, as also the final values (= 0), but the arc 
Aa, through which P acts, and the height Fg, through 
which the weight is raised, are least for the highest 
position of the centre of gravity (Fig. 123), and greatest 
for its lowest position (Fig. 135). Thus, a stage-coach 
with a heavy load of trunks on top has its centre of 
gravity high, and is easily overturned by a slight irregu- 
larity in the road. 

EXAMPLES. 

XXV. SlabUilg. Articles 172-177. 

f gravity in each cose is aasiimed tc 
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Wlial force P will put it on tlio point of overturning (a) if acting 
at A1 (i) if acting at the centre of .-tiJ? (c) U it rests on the wda 
AD and the force nets ut B iind tlie niiddlt: point of A£ n 
lively, wliat answcre are obiiuiK-<lT 

2. In Fig. 133. p. 187, AB = AB=10 feet, the angle ABG= M* 
and BCE = 15% the weight m 130 11m. : Wimt is the presaure o) 
a prop placed (n) so aa to act at B at right angles U) BCt (ft) so a 
to act at the same point but HtauUing vertically! 

8. A rectangular frame ABCD (Fig. 117. p. 188) ia racked ooH 
of shape. UAB= IS feet, AJ} = lSieet, what is the angle ^i)Ol 
when it ia about to fall! 

4 A uniform utone tower, 8 feet in diameter, inciineB 1 fool 
for every 10 feet of vertical height; Wliat is tlie height of the U 
when it iaabuut to fallr 

5. (u) A rough plane ia inclined so that a cube resting on it 
about fa turn over, it not being able 1o slide : What la the angl 
(fi) What ia the angle for an igoscelea (rianglo (,45^-d(7 = l 
BO = 16) if it rests on tlie side AB ? 

6. A table 6 feet square stands upon four legs, each of which tt 
12 inches in from the adjacent edges; ita height is 3 feet and tt 
weight 34 lbs. : What is the least force required to put it on tb 
point of overturning if applied at the edge (") as a horizonbt 
puali! (6) as a pressure directly down! 

7. A table, having a circular top of 2 feet radius, Is support^ 
on three legs placed at the edge and at equal distancea from a 
another; the height ia 30 inches and the weight 30 lbs. : What i 
the least force that will put it on the point of overtiuniug if appliet 
at the top (a) as a horizontal push? (i) as a pressure down? (e) at 
ing vertically upward? ^^ 

8. What work would be done in overturning a cylindtlca 
column of stone weighing 4C,000 lbs., 10 feet high and 4 tri 
diameter, supposing that the toulre of gravity ia on the axis {«j i 
the middle! (i) 1 foot from bottom! (r) ! foot from top? 





CHAPTER VIII.— MACniXES. 

178. Tbe MACHINES are mechanical contrivances, by 
the lise of which a force applied at one point is made to 
act at auotlier with a change in eitlier its direction or 
inteuaitj, or in both. By meunB of thum, for example, 
the power may raise a weight much larger than itself, 
or, on the other hand, it may give to the weight a 
Telocity much greater than its own. In all cases, how- 
ever, the machine is only an instrnment by which me- 
chanical energy is transformed; it never creates energy. 

179. The principle of the preceding article was laid 
down in Ai't. 98, where it was stated that, as follows 
from the law of the Conservation of Energy, in every 

"The work done by the power is equal to the 
work expended upon the weight." 

The work done by the force (P) acting is equal to the 
product of it (or its cflGctive component, P cos /5*) into 
the distance (s) through which it acts; that is, 

P.s, or fcoB/S.s. (1) 

'The work done in raising the weight is equal to the pro- 



Wien the force acts oljliqucly to t!ie motion of the body, it is 
illnmateriat, in tlio estimation of Ilie work done, whether tjie pro- 
.AMCiol \.h^ effective etimpontiU of the force \tiio tlie whole dlatance 
U taken (— P coa /S.s), or the product of the whole force into the 
tfftetive rUnianee; that is, the resolved part of the motion in the dt 
lection of its own action (= P.s coa fi). 



dnct of it (IT) into the Terticiil distance (/;) throiigli 
wliicli it is raised; that is, 

W.h. (2) 

If the work is done not against gravity in raising a 
weiglit, but against some other force producing a 
lance, the work done is estimated by the resistance oTe^ 
come (R) into the eflectiTe distance (d); that is, 

]i.d. (3) 

It is, in general, found convenient to use the term weigi 
as inchidiug the resistance, though the true distinctio 
must not be forgotten. 

In every machine, according to the principle of work 
just stated, 

P.s = W.h, and P.s = R.d, (4) 

PI . P d ,^. 

The relation (5) may be expressed in -this way, thatjj 
T/ie Power is to the Weight {or Resistance) as the dia- 
tance throngh which the Weight is raised {or the Resists 
ance is overcmiie) is to the distance through which 0^ 
Power acts. 

180. Machines are then employed: (1) Where a sm 
power is desired to raise a large weight or overcome i 
great resistance. In this case there is said 
mechanical advantage; but as seen from equation {4); 
if W is greater than P, s, the distance through whiolf 
P acts, must be as many times greater than ft, the dite 
tanco through which W rises. This is sometimes t 
pressed in this form: What is gained in power is lost ii 
velocii}/. 
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Alao — (2) Where an increased velocity 18 I'equired; in 
this case A (or d) will he greater than s, hut P most he 
as many times greater than W. There is then said to he 
a mechanical disadvantage, but, similar to the principle 
ahove, what is lost in power ia gained in wlocity. 

The cases where the attention is directed, in the use 
of the machine, solely to the diminished or increased 
Telocity of the motion it transmits, the relation of P to 
W being overlooked, are obviously included in (1) or (2). 

(3) Machines are also occasionally employed where 
only change in direction is recLuired, and here P = W (or 
R), and hence s = h (or d). 

181. The relation of P to W, establislied in equation 
(4), is that which is required in order that the power 
acting uniformly should raise the weight uniformly. If 
the value of the power were greater than that thus re- 
quired, accelerated motion would ensue; and if less, there 
would he retarded motion and the system would ulti- 
mately corae to rest. 

The same relation of P and IF will hold good if the 
system is at rest and the power simply supports the 
■weight. The principles of statics make it possible to 

F 
deduce independently this ratio of -^ on the supposi- 
tion that the weight is at rest. In the pages which 
follow, the relation will be deduced by both methods: 
first in accordance with statics, and second on the prin- 
ciple of work. 

182, Virtual TelocitieB. In the second case given above, 
the principle of work may be stated in this form: 
If any machine, in equilihrinm under the action of 
Beveral forces, suffers a slight displacement consistent 



194 STATICS. [m. 

with the relations of tlie parts, then the algebraic Eum 
of the work done hy the forces will be zero, aud con- 
versely. For sucli u case an this the Teloeities ure 
imaginary, and are called virtual • This is sometimea 
spoken of as the principle of virtual vewcities. This 
principle is essentially that involved in equation (4) or 
(5) of Art. 179. 

183. The Hachines with Fiictian. Li the etatemente 
which have been made ii: regard to the relation of the 
power aud weight In the case of a machine, it has beea 
assumed that the work done by the power was all es-- 
pended in raising the weight. In practice, however, 
there are various liurtf ul resiatances to be overcome^ 
chief among which is friction. Hence the work done 
by the power must always be greater than that whicb. 
the equation (4) requires. For example, if i^ represent*] 
the force of friction, and I the distance through which-^ 
it is overcome, then the work done against friction, 
shown iu Ai-t. 100, ia F.l, and the equation must then 
be written 

P.^^W.h+F.l. 

The law of the Conservation of Energy still holds good 
but as the term F.l increases, the amonnt of work f " 
pended in producing no useful effect, but merely um 
less heat (110), is increased. Ilence, although there J 
theoretically no limit to the mechanical advantage tha 
may be attained (though always with a ])roportional loa 
of velocity) by an apjiropr lately constructed machine ^ 
combination of machines, there is practically a limi|i 
for, as the complexity increases, more and more of tl 
power is expended without useful effect. 
To the resistance of friction must be added other r 
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sistances which are additional drains upon the energy 
communicated to the machine, and which leave less to 
be expended in raising the weight. Among these are: 
adhesion of parts in contact, the stiffness of cords, resist- 
ance of the air, want of rigidity in the parts of the ma- 
chine. In the discussion in the following pages all these 
resistances are left out of account. The weights of the 
parts of the machines are also to be neglected unless 
otherwise stated. 

The modulus of a machine is the ratio of the amount 
of work practically done by it to that which theory re- 
quires. 

184. Simple Machines. The Simple Machines, or 
Mechanical Powers as they are sometimes called, are 
as follows: (1) The Lever, (2) Wheel and Axle, (3) 
Toothed Wheels, (4) Pulley, (5) Inclined Plane, (G) 
Wedge, (7) Screw. 

Of these machines the Wheel and Axle and Toothed 
Wheels are in fact modifications of the Lever. All of 
them involve the essential idea of a tendency to rotation 
about an axis, and hence to deduce tlie conditions of 
equilibrium for them the principle of the equality of mo- 
ments is employed (156). The Pulley is based upon the 
principle of reduplication, depending on the fact of equal 
transmission of force by a string ; or, in other words, 
that the tension of a rope at every point is the same 
(122). The Wedge and Screw are essentially modifica- 
tions of the Inclined Plane. 

I. Levek. 
A. General Princijjle of the Lever, 

185. The Lever in its simplest form is a rigid bar 
capable of being turned about a fixed axis called tlie/z^/- 
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entin, and nippoi^d to bcaetal Dpon by forces iaa plane' 
Bt right angles to xKa ax\s. Tbe bar maj hare aoy sb^ie, 
straight, bent, or curved, and the directiong in wbich 
{Knrer and weight act may make any angles with it. 

186. For all forma of the lever the condition of eqni" 
librinm le that stated in Art. 156 for » coostrained body 
or]} free to moTti abont an asie in a plane at right angles 
to it. The power tends to produce rotation about the 
fulcrum in one direction, and tlie weight in the other. 
Hence — 

// the Power mid the Weight are in equilibrium, 
moment of the Power must be equal and opposite to 
mmne?U of the Weight. 

This may also be stated as follows : 

The Power is to the Weight as the perpendicular dig- 
tance from the fulcrum to the direction of the Weight 
is to the perpendicular distance from the fulcrum to the 
dtrecdon of the Power. 

For example, in Figa. 126, 127, 128, where the bar 
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of the pei^pendicular distances from the fulcrum — that 
is, the arms of P and TT— are to be carefully noted in 
the following figures, 129-134. For all of them the 
same equation holds good. ^ 

The pressure on the fulcrum (the weight of the lever 
being neglected) in Figs. 126 and 129 is P + TT, in Fig. 
127 it is W - Fy in Fig. 128 it is P — W, and in the 
other figures it may be calculated by the parallelogram 
of forces. In the latter cases it is to be noted that, 
since the power, weight, and resistance of the fulcrum 
are in equilibrium, their lines of action produced must 
pass through the same point (158, £). 




Fio. 180. 



Fio. 131. 



In Fig. 132 the lever is curved like an iron pump- 
handle, the arms of the weight and power are the per- 
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pendiculars BF and AF respectively, and the above 

equation is true: 

F.AF.:=^W.BF^ 
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187. Three Kinds of Lever. The three forms iuFigB. J 
nn, 127, 12« ure sometimes called the three kinds otl 
lever, tlioiigli there is no essential difference between I 
thorn. In the lirst kind the fulcrum is between the 
power and weight; if nearer to the lutter, there is a 
mechanical advantage; if nearer to the power, a mechiin- 
ical disadvantage. If the arms are equal, then F = W, 
as in the ordinary balance (191)- 

In the Hfcond kind the fulcrum is at the end, and the 
weight nearer to it tJian is the i)ower; in this case there 
is always a mechanical advantage. 

In the third kind the fulcrum is at the end, but the 
power is nearer to it than the weight, and there ia there- 
fore a mechanical disadvantage. 

188. The first fonn of lever is illustrated by the c 
bar, by means of which, owing to the great difference in 
the lengths of the arms, a veiy great resistance can be 
overcome. Scissors and nippers are double levers of this 
class, and the handle and claw of a hammer form t 
curved lever. 

The distinction between the gain of power and loss o 
velocity, and the converse, as determined by the position 
of the fulcrum, is illustrated by the shears used by a 
tinman and a tailor respectively. Those of the former 
have short blades and long handles, and can consequently 
overcome a great resistance slowly; those of the tailori 
have short liandles and long blades, and move quickly:, 
80 as to cut yielding materials. 

An example of a lever of the second claaa is a vhe^ 
barrow : the fulcrum is at the centre, or axis, of th 
wheel, the weight acts down at the centre of gravity a 
the load and barrow together, and the power is applied 
at the handles. A nut-cracker or a lemon-squeezer i 
an examule of a double lever of this kind. 
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The human fore-arm is an example of a lever of the 
third class: the elbow-joint is the fulcrum, the weight is 
grasped in the hand, and the power is appUed by a 
tendon from the muscle above attached very near the 
elbow, and acting obliquely. There is consequently a 
very serious mechanical disadvantage, but in its place is 
gained great rapidity of movement. A pair of tongs is 
another example of a lever of this kind. 

189. The following cases involve the principle of the lever. 
DF(F\g. 133 or 134) is a heavy rod hinged at F, so that it is free 
to turn in a vertical plane, and supported either by a string carried 
from C upto E (Fig. 133), or by a prop from CU) E below (Fig. 
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134). In this case the power (P) is the tension of the string (or 
thrust of the prop), and its moment is P.AF\ the weight is that of 
the bar acting at its centre of gravity B, and its moment \&W.BF, 
The value of P, derived from the equation 

F.AF= W.BF, 

will give the tension of the string (or thrust of the prop) needed 
just to support the rod. 



190. The Lever on the Principle ofWoik. Ithaatx 
eliown in Art. 170 that, in tht' case of every machine, i! 
frictioTi aud all ofher Imrtful rcsistauces are eliminated, 1 

P.^= W.h, 

P h 

W = S- 

Here a is the distance through which the power acts, 
and A the distance through which the weight is raisei 
If a resistance {R) ia overcome through a distance d, 
then 

P.s = R.d, 



R 



m 



By the nse of these equations the relation of the Power 
to the Weight (or Resistance), when the Power raiacB 
the Wciglit uniformly, can be obtained. This Talne tt 

P 

p. is the same as that deduced on condition of equilin 

rinm, on the principles of statics. 
In the case of the lever, suppose (1) that the powi 
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distance through which it acts is A'C {— s), and the 
height through which the weight is raised is B'D (= A). 
Therefore 

P^ _ B^ __ BTF __ BF 
W "" A'G ~ A'F ~ AF' 

.-. P.AF = W.BF, as in Art. 186. 

(2) Suppose the power and resistance to act continu- 
ally at right angles to the straight lever AB (Fig. 136) 




Fia. 136. 

while it turns from the position A Bio A'B'. Here the 
power acts through the arc A A' (= s), and the resist- 
ance is overcome through the distance of the arc BB' 
{= d). Hence 

F^ _ BB^ _ BF 
R "" AA' "" AF' 

.'. P.AF= R.BF. 

In general, the relation may be obtained after the same 
manner, whatever the shape of the lever or the directions 
of P and W (or R), In each case, however, it must be 
remembered that s and h (or d) are not necessarily the 
actual, but always the effective, distances. 



{ 



. Some Special Applications of Ihe Principle of tht 
Lever. 



191. Tbo Balance is a contrivance used formeaaur- 
ing the niLis3 of bodies ; or, ia familiar language, of deter- 
miuing their weight by comparison with that of certaia 
assumed units. {See Arts. 64, 55, } In its ordinary form 
it consists of a beam, so coDstrueted as to be at once strong, 
rigid, and ligiit. This beam is poised on a knrfe-edge, in 
themiddle, as a fulcrum, often resting on a plate of agate, 
From the estremities of the two equal arms are sus- 
pended pans of the same size and weight. The objeot 
weighed is placed in one pan, and the counterpoise is 
adjusted to balance it in tlie other. 

198. A good balance must satisfy these three condi- 
tions: it miiht be (1) IruC:, (3) stable, and (3) s&naible. 

(1) It is frue when the arms are of exactly the sail 
length and weight, and when the seale-pans are also just 
equal. It will then be rigidly true tliat P =: IF. If, 
however, the arm of the pan in which the object Ib 
weighed is longer, then a smaller amount of it will bal- 
ance tlie given counterpoise, and the purchaser in such a 
case would be defrauded, and conversely. This inequali- 
ty would be proved by exchanging the two objects.. 
If the apparent weight in one pan is a, and in th& 
other b, the true weight will be equal to t'nft. 

(3) The balance must also be stable; that is, after bein^' 
slightly disturbed it must return to its original positioiu 
In order to satisfy this condition the centre of gravity;, 
must be below the axis on which the beam turns, for if 
above it would be in unstable equilibrium, and if on thQ. 
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axis the equilibrium would be neutral; that is, the beam 
would balance in every position (175). 

(3) The balance must be sensible ; that is, when the 
weight in one pan slightly exceeds that in the other, 
this difference must be indicated by the inclined posi- 
tion of the beam when it comes to a state of rest. The 
eensibility is obviously greater as the angle of deflection 
increases for a constant difference of weight; this angle 
IB often measured by a long slender rod which is at 
right angles tu the beam and turns with it. The degree 
of sensibility to bo attained in a given case depends 
npon the object for whieh the balance is to bo used; for 
example, a balance suitable for use in chemical analyses 
should indicate distinctly a difference of ^ of a milli- 
gram; that is, tuitio of a gram. 

193. The conditions upon which the sensibility of a 
balance depends ai-e: (1) the length of beam, (3) the 
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fulcrum; tbeo the lino AC'B will join these thi'ee points. 
Suppose also tliut the ghai>e of beam is such that its cen- 
tre of gravity is at O, at which point its weight {Q) con- 
aequently acts. A'B' (Fig. 137) represents the inclined 
position which the line AB takes for a given difference 
of weight in the. two pans of W—W. The angle of 
dettection of the rod FCF' (= a) m the sa 
of the beam. It is obvious that, for a given value 
W — W, the greater the angle a the greater the send- 
bility of the balance. Suppose the whole in equilil 
rium; then, bj taking the moments about C (156), 



1 

itvH 

en-^S 
on- ' 



W.A'E=W'.B'n-\- Q.DG. 



But since A'E' = 



rif, 



{W-W).A'X=Q.DG. 

From the similar triangles CA'E, DOE, 

A'E _ Oft A'K _ J/C' 

A'O ~ OE' °^ DG ~ GE' 
.: (W-W')AC==Q.GE. 
- CQ tan a; hence 



But GE = 



{W-W) AC =Q. CO tun a, 

tan a = 



{W-W).AO 
Q.CQ • 



In this final equation AG is one half the length of the 
beam, and CO is the distance of its centre of gravity 
below the axis. Now, as has been stated, the aensibihty 
of the balance increases as a increases, for a given Talno 
(W— W). It is obvioiis, from this equation, that tana 
is increased (1) by making AC, the length of the beam) 
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greater; also, (2) by diminishiiig Q, the weight of the 
n; and finally, (3) by diminishing CO — that is, by 
bringing the centre of gravity aa near as practicable to 
the axis. 

The most satisfactory result will be obtained by con- 
sidering these conditions together, since they depend 
upon one another. For example, if the length of the 
beam is increased, its weight must be also, in order that 
it still be rigid: again, although the sensibility increases 
as the distance of the centre of grayitj below the axis is 
diminished, the motion of the beam, as it tends to come 
to a position of equilibrium, becomes more slow, so that 
there is also a practical limit in this direction. 

The equation shows that the difference iu weight is 
proportional to tan a, and for very small angles it is 
proportional tothe angle itself (a). 

U. BTEELTAKD. 

191 Common Steelyard. In the Steelyard we have, 
in the place of the fixed arm and vai-ying counterpoise 
of the ordinary balance, a varying lever-arm and a fixed 
counterpoise. The bar is made heavier at one extremity, 
and to this end is attached the hook or scale-pan; near 
it is the point of support. This axis is consequently 
near the centre of gravity of the whole, but usually does 
not coincide with it. In order to graduate the steelyard, 
it ia necessary to determine first the zero-point of the 
scale, and then the distance to be marked off from it for 
each unit of weight {e.g., 1 lb.) and fraction of it. 

Let AS {Fig. 138) he the steelyard, supported at C. 
Represent the weight of the whole by Q acting at the 
centre of gravity G. In order that the bar should 
balance horizontally about C when there ia no vreight 



on the hook, it U neceasarj to place the selected coimter- 
poise P at Buch u point, J), tiiat 

Q.CG = P.CD. 

This point D is then the zero of t 
tion of P for Iba. iit A. 



e settle, or the po» 



Let now !v weight W he placed on the hook so thail 
It acts through A ; then the connterpoiae P will balanot 
it at B, if (15€) the moments ahout C vanish; that it 

W.AC+ Q.GC = P.GB; 

or, since Q.GC = P.CD, 

W.AC = P.CB - P.CD = P(CB - CD), 

or W.AC = P.DB, 

W.AO 



and 



If W -. 



DB = 



■■ 1 lb., then the value of DB gives the positioi 
of the one-pound notch on the scale, and at twice tia 
distance from D will be the two-pound notch, and so of 
If, as in Fig. 139, the centre of gravity is on the oth( 
side of the fulcrum, the position of the zero-pointJ 
will also be changed, but the value of DB is obtained j 
essentially the same way. 
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196. A fonn of the steelyard as actually employed is 
seen in Fig. 140. It will be observed that both sides of 
the bar are graduated, and moreover there is a second 




ring to support it at C". When the steelyard ia tnraed 
over and snpported at C, the weight has a shortei' lover- 
arm, and consequently, the counterpoise remaining the 
Bame, witli this second gi-aduation the 
inBtmment is adapted for heaTier weights 
than ill the first case. 

A common form of the steelyard is also 
Been in the post-office scaleSj where the 
object to be weighed is placed on a plat- 
form, and the counterpoise slides along 
the graduated arm. 

Another very simple form of balance 
involving the same idea of a varying 
lever-arm is seen in the contrivance often 
employed for weigliJng letters (Fig, lil). 
"When there is no weiglit at B, the ""' "" 
weight of the instrument acts thi'ougli its centre of 
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gravity directly below the point of snspension C If 
now a letter is plncod between the springs at B tha 
position is slightly changed, so that the moment of iti 
weight is equal to the moment of the weight of the 
instriiraeut in its new position. 

196. Danish Steelyard In the Danish steelyard no 
counterpoise is employed, hut the adjustment ia i 
by shifting tlie position of the supporting- hook, and 
consequently giving the weight of the t>ar a longer or 
shorter lever-arm. Jjet (Fig. 142) AB represent the 



bar, heavier at the end B, and let its weight Q act at 0. 
Suppose a weight W to he hung on the hook at A; then, 
in case of equilibrium, we have 

Q.Ca = W.AC; 
hut CG = AO - AC, 

.-. q{AQ-AC)= W.AC, or(Q+ W) AC = Q.AQ\ 

. AC- ^-^^ 

The arm is graduated by letting W =\ lb., 3 lbs., etc. 
in succession ; since Q and A have constant values, A 0; 
is thus obtained for each case. 

197. Hoberval'B Balance. In many forms of balance 
I use, instead of two scale-pans Bnspended 
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from a beam aboTe. there ar« two platforms snpportpd 
from beneath, upon one of which is placed the object to 
be weighed, and upon the other the counterpoise; or {as 
In the post-office scales nllnded to in Art. 195) there h 
platform, and the place of the other ie taken by a 
graduated arm upon which slides a constant counter- 
poise. In sinch balances it is p p 
essential that the mdiLations , 
shonld be ai curate, no t 
ter what the position of the 
load on the platform. 

The way in which this end 
is often attained is illustrated 
by Hoberrafs balance (Fig. ■ rio. u™. 

142s) ; CD, SFare here two bars of eijiial length, piv- 
oted to the upright Bupport at A and B; tbey are also 
jointed at C, E, and D, F, tliua forming a roetangubir 
frame. The equal pans are supported at H and K, 
iind upon them respectively are jilaced the object to be 
■weighed and the connterjmse, s& P, P at ^aud iV'. (In 
actual use the frame CDFE is generally concealed in the 
stand of the balance. ) 

In the figure it is Been that the weights P, P are at 
very unequal distanees from, the axis AB, but the ac- 
curacy is not impaired by this fact. To prove this, sup- 
pose two opposite forces, eacli equal to P, to act at K, 
.and two others einiilar at II; they will not alter the 
"previous conditions. We have now, iii place of P at JSf, 
ia force equal to P acting downward at K, and a couple 
{150) whose moment is P. EN; alsOj in place of P at 
M, we have an equal force acting downward at //, and a 
couple whose moment is P.HM. The two efjual down- 
ward forces at H and K will obviously balance each 
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other; the couploa tbougli unequal do not disturb lie 
equilibrium, for they merely produce unequal stra 
the fixed points A and B, and do not alter the effect ot 
the other forces. 

IJI. TOOQLE- JOINT. 

198, Toggle- loint Pig, 143 represents two eomhiEed J 
lovers, JJi. liC, forming what ia called a togqia- I 
JOINT, They lire hinged together at B, forming an J 
angle ABC= 2rt ; further, the lever AB turns freely a± 1 
A, while the end G of BC is fi-ee to move in the direo- I 
tioa zy, and acts against the resistance Q. Suppose theJ 




force P to act vertically downward at B against the n 
tanees R and E; if the system ia in equilihriam, we haya 
by Art. 133, 

P Bin ABO sin 2a Zn'matma 
R Bin FBU sin a em a 

But the effective resistance Q is only one component 4 
R, the other being supplied by the reaction of the plan 
xy; hence 

Q = Rsm a, and R = -r^; 
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As now the levers .4/i, TiV slmighteii out, tbe angle 
Sot approaches ISO", and ta» if iippi'oacbes infinity us 
its limit; the meclianical advantage, therefore, when 
the Ipvera are nearly in a straight line is enonnoiisly 
great, and lience a very great resistance can bn over- 
come. The toggle-joint is seen in the arraiiger((-nt by 
which the cover of a carriage is raised. 

199. The principlo of the logglc-joint ii:ni its great cfllficiitj 
are well illustratM by lln? Stone-Cniidier inveoled by Mt. Bluke. 
of New lluveu. The accompanying cut (Fig. 144) gives a longi 
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Bulls in Uie opening and shutting of the jaws P, P. The diHtnni'p 
through which the movable jaw works is small, and the force 
exerted against any ohject placed between is enormous. In uk 
the blocks of stone or ore are fed in from above, and the muiioD 
of the jawa rapidly crushes them down to uniform fragments ot u 
size regulated by the distance between thejaws at the lowest points; 
tlio tragmcDls pass out by Uie sUute A. Such a machine w 
yield nlxtut 1 Ions of broken rock per hour. 



300. It is seen in Art. 186 tliut in the lever, by makiug 
the arm of the weight very short and that of the power 
very long, any required nacchanical advantage may 
theoretically be obtained. In iiruetice, however, vari- 
ous difficulties would obviously arise in an attempt to 
gain power in this way. To avoid them, and at the 
same time to have greater compactneaa, it is fonnd 
better to employ a series of levers, in which the weight 
of the first he(^omes the power of the second, and so on. 

Ill Pig. 145, lot AC, DP, OK be three levers, ar- 
vunged as just indicated. Q is at once the weight of the 




first and the power of the second lever, and the same is 
true for S with reference to the second and third levers 
Now if the whole is in efjuilihrium: 

L-3£. ^ -IK A-EK 

Q ~ BA' H ~ ED' W ~ HG' 

By multiplying these ratios together, 

P BC EF HK 
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It is seen hete that 

Thejinal mechanical advantage is equal to the product 
of the several values for each successive lever. This 
principle ia true not only Jor leTora in combination, but 
ill general for any compound machine. 

P 

Iq determining the ratio of -r^r for a comjionnd ma- 
chine on the principle of work, it is to be noted that tlio 
essentiiil point ia to know the distances throngh which 
P and W act. If these can be detcnnined, their in- 
Terse ratio gives the ratio required, and the intermediate 
steps in the machine are of no importance. 

201. The principle of the compound levers finds an 
iiftportant application in the scales used for weighing 
very heavy objects, as, for example, hay-scaies, or rail- 
road scales for ciu's loaded witli coal (say 10 tons each). 
By a combination of a series of levers, and at the same 
time by the suitable distribution of the weight brought 
on the platform, this being supported at a number of 
points, very heavy weights nay be determined with al' 
desirable accuracy. The whole is balanced by a counter- 
lioise, or series of them,- used in connection with a steel- 
yard arm. 

EXAMPLES. 
XXVI. Lem: Anitles 185-100. 



1. The force P = 40 lbs. acts as in Fig. 128, p. 196: AF = 
8 feet «nd AB = 10 feet : What weight can l)o supporttd ? 

2. If (Fig. 127, p. 190) AB = 10, BF= 9, and the weight ii 
180 lbs., wiist force Pis required to Buppcrt it? 

8. If (Fig. 128, p. 196) AB = 14, AF = 3, and P = 100 lbs.. , 
wUat weight can PsupportI 



4. WUal is Uiu pressure ou tlie fulisrum in each of Uio ateral 

5. AFC IB a bent lover (Fig. 129, p. 1B7); AF = 14, FC = 
AFC= \9B,\P= 30ll».; What is W1 

6. OFD is H Iwnt lever (Fig. 181. p, 197); CF - 18, FD-\%, ' 
Pi)^' = 130°. FCW = leS'. and IP = 60 lbs. : Whal is P 

7. If in Fig. 180, p. 197, CB = 16, BF- 2. and JC^= 8(r. 
ulso /■ = 40 Iba., wbat is Wl 

9. What is llie pressure on the tulcnim in examples 5 and 7 1 

8. A heavy unlfonn rotl DF{F\g. 133, p. 19B), weighing 35 ilia 
bqJ S feel long, is hinged at F; it is supportt;d by h siring ctirricil 
from C'lCF — 30 in.) to a point E, 13 ioclies verlicslly above F\ 
Wbat is the lenNion of the string ? 

10. A heavy Hnifomi shelf Of (Fig. 134), 18 in. wide (= DF). 
weighing 36 Wm., and hinged at F, is supported 1iy a prop carried 
from C i,CF= 13 in.) to & point £ below F, so tJiat CF = 
What pressure does this prop feel ? 

11. A uniform sticic 8 feet long, weighing 2 lbs., is supported 
between ihe thumb and first tinger; the one acts at tJie extremity 
us a fulcrum, and the other as a force at right angles an iacb from 
it: What \% the forte required when the stick is horizonlal '! when 
inclined 60° to the horizontal ? 

13. A rod weighing 10 iba. bas a weight of 10 lbs. at on 
and of SO lbs. at the other: Where must the fulcnim be in ci 
equilibrium ! 

13. Forces of 8 and 12 lbs. act at the extremities of a bar 16 feel \ 
long, and in directions making angles of 13.5° and 150° respectively 
with it: Where is the fulcnim in case of equilibrium t 

XXVIl. BaUiiiee. Articles 191-183. 

1. A body is equivalent to a -weight of 13 lbs. in one pan of a 
false balance, and of 16^ lbs. in the other: What is the true I 
weight ! 

3. A body is equivalent to a weight of 6 lbs. 4 oz. from o: 
of a false balance, and of 4 lbs, 6 oz. from the Other: What is Uie | 
ratio of the Icngtlis of the arms ? 

a. The true weight of a body is 15 oz., Ita apparent weight in 
one pan ol a balance is 1 lb. i What would it seem to weigli in I 
tlie Other pan ! 
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XSVni. SMyard. Articles IW-IM. 
[The common slecJyard (194} is intended unless otherwise stated.] 

1. The longer arm of a steelyard is 36 inclirs in lengtii, tlie 
■horler 3| iochesi the arrangement of the scule-pan (or honk) is 
BQch thatP(= 3 lbs.) atfi(Pig. 139, p. 20(1), if BC ^ lOiucbes, 
tjohinces 8 IIh. at A : (a) Where is the zero of the scale I (6) II Iho 
whole weighs li lbs. (= O, where ia the centre of gravity! (e)Wliiit 
must be the graduatioD for omices ! (iZ) If Pcanuot be coDveni- 
ently brought nearer than J of an inch to G, what are the grealCBt 
and least weights for which it can be used! 

2. The whole length of a steelyard is 24 inches; CO (Fig. 138} = 
i in., CA = iin.. P = 8 oz,, and g = 1 lb. : ('() Where is tlie 
zero of the scale t (6) What is the length of graduation for 1 lb. ? 
(e) How large weights can it be used for 1 

3. In Fig. 140, p. 307, -4(7=8 in. and.flC' = 1 in.; the counter- 
poise = 13 oz. : Wliat is the lengtli of a diviwon on the stale for 
1 oz. in each position ? 

4 The weight of the beam of a steelyard is 3 lbs., and iho 
distance of its centre of gravity is i inch from the fulcrum ; Where 
must a counterpoise of 1 lb. 13 oz. be placcfl to balance it ? 

5. The length of a Danish steelyard is 30 in., ils weight is 
4 lbs., and acts at a point 8 in. from one end; a twdy weighing 
13 lbs. hangs at the other end: Where is the fulcrum I 

6. The length of a Danish steelyard is 28 in., its weight is 
3 lbs., acting at a point 4 in. from one end; (o) Where is the 1-lb 
notch! (S) the 3-lb.! 

n. Wheel and Axle. 
202. The Wheel and Axle, in its simplest form, 
consiets of two cylinders of different sizes, rigidly con- 
nected and turning about a, common ajcis; the larger is 
called the wheel, and the smaller the axle. The power 
is applied to the end of the rope wound about the wheel, 
and the weight is raised by a lope wpund npon the axle. 
IhiB is l«e)i iQ Fig. 146, 



A good example of this principle is seen in the fuges 
(Fig. 150), which is applied to some watches and clocks. 




As theBpringunwinds its force diminiahes; bntbymeaQS 
of the fasee it is made to act on a continually increasing 
lever-arm, and by a proper adjustment the moment, or 
turning power of the force, can be kept constant. 




The wheel of a Tobicle is useful in reducing frictional 
reaiatance, as explained in Art. 8C; in overcoming ob- 
Btacles in the road it acts as a continuous lever, hence 
the advantage of n large wheel. 



«■] 



■WHEEL AND AXLE, 



219 



8. Chinese Windlass. The combination of the 
wheel and axle seen in Fig. 151 is sometimes called the 
CJiinese Windlass, or the differen- ^ 

tial windlass. There are here two 
ailea of " difEerenfc sizes, and the * 
arrangement is such that as the 
rope is wound uj> on tlie liirger axle 
it is unwound on the smaller one, 
it passing under a movable pulley 
which supports the weight. The 
upward ascent of tlie weight is con- 
seqnently very slow, but the me- 
chanical advantage very great. lict 
Ji be the radina of the crank-arm, vm.va. 

and a and b respectively those of the larger and smaller 
axles. The tension of the rope is obviously ^W. If the 
machine is in equilibrium, then, since the rope tends to 
turn the smaller asle in the same direction, and the 
larger in the opposite direction, to the power, by the 
equality of moments: 

P.li + iW.b = iW.a, 



This resnlt. also easily obtained by the principle 
work (206), sliows that the mechanical advantage be- 
oomcB very great as the difference between the size of 
the axles is diminished. 




EXAMPLES. 

yyiy , Whed and Axle. Articles 203-SOa 

1. The radius of the axle is 2 incites, that of ihe wheel is S^ 

feet, and the power acting is 80 tta. : What weight is supported I 

3. A horse exerting a force of 800 Iba. walks in a circle havii^[: 
a diameter of 18 feet and turns, bj means of a lever-arm, a verfl- 
cal post about which a rope is wound: If the diameter of the pi 
ia 8 inches, what resistance (e.g., that of a building which isbdng 
moved) can the horse overcome ? 

8. Four men. each eserting a force of 60 lbs. acting o 
lever-arms. 4 feet long, turn a capstan: Ihe radius of the ciid 
about which the rope is wound is 6 incheai What is the pull fd 
upon the anchor? 

4. A weight of 500 lbs. hangs by a rope 1 inch in ihickneel 
r = a in., and B = i feet; the power acta on a lever-arm withon 
a rope: What is P! 

5. A power of 13 lbs. balances a weight of 200 lbs. : the radiu 
of the axle is S inches : What Is the diameter of the wheel ? 

e. In Fig. 148. £ = 18 in., and the weight of 250 lbs. rises 2 feet 
while the power makes 5 revolulions: WhatisP? 

III. Toothed Wheels. 

209. A Toothed Wheel is a circular disc provide^ 

with teeth on the circumference; such a wheel turning 




no.} 



TOOTHED WHEELS. 



221 



the first is communicated to the seoond. There may 
be a mechanical advantage with a corresponding loss of 
speed, or a gain in velocity and a consequent mechani- 
cal disadvantage. 

When the wheels arc small, the teeth are nearly rect- 
angular in form. When the wheels are very large and 
great force is employed, the shape of the teetli is a 
matter of essential importance, in order that the los- of 
power arising from their mutual friction and resistance 



may be a minimum. The detailed development of this 
subject belongs to applied mechanics. 

As seen in Fig. 162, when the wheels are turned, the 
teeth roll upon one another so that the points in wliicli 
their mutual resistance is felt, due to the power and 
veight acting, lie very nearly at the touching points of 
the two circles drawn. These ideal circles are called the 
pitch-circles, and are concentric with the wheels them- 
Belves respectively. 

210. Helation of P to W. In Fig. 153, let the power 
(P) act on the radius B; wbUe the weight (W), supported 
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by the rope, acts on the radiuB r, they tend to turn theilj 
respective wheels in the <lirection of the arrows. Thoil 
resistance between the two wheels is felt (209) in thw 
line QQ', and if the system is in equilibrinm, by tht 
principle of the lever (156), the moment of Q' about ^1 
la equal and opposite to that of P, and of Q about B to'l 
that of H^. Hence the relutions: 







F.R = Q'.AC, 


and 




W.r = Q.BC; 


that in. 




P.B Q'.AC 
W.r ~ Q.BC 




_ P.R AC %7lAu 




■ • W.I 


' BC %nBa- 



But since the number of teeth in the two wheels is pro-' 
portiona! to their circnmfereucea, if ^ = the number of 
teeth in the power-wheel, and 7" those in the weight-, 
wheel, we have 

P.R _ t_ 
W.r ~ T' 
This may be stated: 

77(6 moment of the Power is to the moment of tM 
WeigJit as the number of teeth iti (he Power-wheel is f* 
the nuniber of teeth in the Weight-wheel. 

The final equation above may be written: 



W 



T' 



This is another application of the principle explained 
in Art. 300, since, in the case supposed, the machine if 
really compounded of the wheel and axle and the toothej 
■wheels. 
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I 211. Tootlied Wheels on tliB Principle of Work. Sup- 
pose (Fig. 15'3) thut tlic power contiiiiips to act through 
one circuni fere nee of its Icver-arin, Hrrli {= s); if no 
toothed whecla intervened, the weight would rise ttrongh 
a distance etjual to the circnmferenco of the axle, 
2ffr (= A). But the ratio of the distances through 
which the toothed wlieela will turn in the inverse ratio of 
their numher of teeth; that is, if the smuller wheel has 
20 and the larger 40 teeth, the former will revolve twico 

f — J, while the other turns once; or, in general, — . There- 
fore 

W 2nR '^ T H • 



us above. 



312. Application of Toothed Wheels, An illusfration 
of the use of this machine is seen in Fig. 154, to which 
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an(» cmnefl for raising very Inrge weights. One of tlieso, 
with throe pairs of tootJicd wheels, is represented in 
Fig. 155. The rolalio?i of the power to tlie weight here. 
by the preL«diiig principles, 

If ~ Ji '^ : 



1 



; X ,,,> X „v, 



For example, if P = Id lbs., tlio rtvlms of the ade 
(r) = 3 inches, that, of the crunk-arm (Il)^H feet; 
■~,j> if, also, the number ol 
t«oth in each of the 
Bmaller whoeU {i, t', t") 
is 20, anil of the larger 
wheels (2; r, r') 120, 
then the weight which 
could be raised, all hurt- 
ful resistances being lefli. 
out of account, would bo 
21,000 lbs., or about 10" 
tons. 

313, An fxcellont lllaatn' 
tion of the use of looltiej 
wUoi'Ih, wlierB a "gam la. 
power" is required, 
fonitd by Ihe " back gears" 
of aiiirgctuming-lulhe. T 
ammgeinenl is such that I 
?one-puUey F (Pis'. 15B1, 1)y which Ihe power is applied, tui 
indepeDdentty of tlie wheel L and of the spindle of the 1all>^ 
which last are altsebed together. The "back gears" ar 
toothed wheels attaehed to a common axk, and so placed behinj 
the wheels (J and L, respec-lively, that by a slight adjustment they 
cau be, when requireil, put in gearing with arul /,. WheQ Ih* 
simple motioD of the lathe uniy is needed, a pin connec 
cone-pulley .^with L, and the-u the spindle is turned directly at i 
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rate depending, as mentioned in Art. 216, on the pulleys over 
which the belt passes. If, however, a greater resistance is .to be 
overcome, as when a large object is to be turned, the pin connect- 
ing J^and L is taken out, and the ** back gears" connected with G 
and L. The motion of the wheel O is then communicated to the 
larger wheel behind; this gives to the axis of the latter a speed 
reduced in the ratio of the number of teeth of the two. This 
axis turns the second small wheel behind L, and this gives motion, 
reduced in rate as before, to L and the spindle connected with it. 
If the number of teeth in the two pairs of wheels are respectively 
20 and 80, then the speed of the spindle is reduced by this con- 
trivance 16 times, and a corresponding mechanical advantage is 
gained. 

214. The rack and pinion consists of a straight bar 
in which teeth are cut, into which fits the toothed 
wheel, which is revolved by a handle or screw-head. 
By this means the bar, and that to which it is attached, 
is raised or depressed. This arrangement is often em- 
ployed in practice; for example, in moving the tube of 
a microscope up or down. ^ 

215. Toothed wheels are extensively used in the 
works of a clock. The point practically considered is 
here the relative velocity to be given to the successive 
axes; the relation of P to fT is not taken into account. 

216. TTse of Belt& In machines the motion of* one 
axis is communicated to another by the use of belts, as 
well as by toothed wheels; there may or may not be a 
change of velocity. The use of the belt or strap depends 
on the friction of the surfaces in contact (85). 

The velocities of the two axes, assuming that the strap 
does not slip at all, are in the inverse ratio of the radii 
of the wheels, and the mechanical advantage is in the 
direct ratio, as was true of the toothed wheels. 

Thus, in the case of the cone-pulley {E, Fig. 15G) on 



the shaft com muni eating the power in the shop, audi 
thiiT (f) of the lathe below, the velocity of the axis of I 
the lathe will be greatest, and the power of overcom 




resistance the least, when the belt pasfles over the largest 
wheel of the latter, and conversely. 

In general, according as the straps are or are not 
crossed, the motion of the second wheel is in the oppo* 
Bite or the same direction as that of the first. 

IV. PCLLET. 

217, The Pullet consists of a circular wheel tuniin|f 
about an axis which is attached to a surrounding frame, 
called the block. About the circumference of the wheel, 
which is grooved, passes a rope, and at one end of thid 
the power acts. Sometimes two wheels are placed sida 
by side, as in Fig. 1S7. 

The necessity of making the wheel turn on its aziaj 
arises from the friction, which is very much diminishac 
in this way; except for this, fixed pegs would answer a 
well 
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The efficiency of the pulley is based upon the prin- 
ciple (122) that the tension of a given string is the same 
at every point. 

218. Single y. In the single fixed pulley 



the Power is equal to the Weight, This relation follows 
immediately from the ]irinciple stated above, for (Fig. 
158) the tension of the rope an both 
sides of the wheel A must be the ^ " ^ 

eamo, and to satisfy this condition wo ATy 

must haye 

P = W. 

There is therefore no mechanical ad- 
Tantage in the use of the single fixed 
puUey, but it serves to change the 
direction of the force a])plied. The 
tension on Uie beam at wis equal tua/'. 

219. Single Movable Pulley with Parallel Strings. 
the single movable piillpg vilh parallel strings the Weight 
is twice the Power. The tension on both sides of the 
wheel A (Pig. 159) must, as before, be equal to P; 
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therefore IF is siipporteii by two ujiward forciee, each 
eqnal to P, and 

ir=3/', or P = ^W. 

If, m in Fig. 160, tlio rope passes over a eecond fixed 



I pulley, no change is made by thia (218), for it is atiB 

I trne that W = HP. The tension at h is P, 'and at a 

(Fig. iijo) it issr. 

220, Single Uovable Pulley with Inclined Strings. It 

jjp Wiis aiisumed in the preceding 

article that both branches of the 

rop* were parallel; if, however, 

tbej are inclined at an angle %a 

■.?(Pig. ]C1), then 



11' = 



2P cos o 



In Fig. 161 the tension of the 

rope oil both sides of the pulley 

is, as before, P, bnt here W is 

*^- ^^- au])"|»ortod not by two forces eacli 

equal to P. but only by their components acting Terti- 

cally upward. Since (131, a) the Tertic^ line bisects 



tlie angle Ha, these components are equu], and each 1 
the valne P cos a; hence 



W =2F cos a. 

There is evidently a mechanical disadvantage here as 
comi>ared with the preceding case, for W = 3P only 
when a = 0°, the two Btriiigs being parallel, and P 
increases as a increases. W hen a = 60° ('ia = 120°), 
thenP— ir;andwhenrt = 90''l3n'''=180'')aud the rope 

is horizontal, P = <n ; that is, if the it _^ 

rope were perfectly flexihlc, no finite ] " '! ^^ 

force could draw it out horizontal. 

221. Combinatiotts of Pulleys. 

Mrst System. Fig. 102 represents 
what is called the first systeni of 
pulleys ; here W = 2'P. The pul- 
ley A is snpported hy two forces, 
each equal to P; these act on the 
string which passes under the pulley 
B, BO tliat its teusion is 2P. Tho 
pulley B is consequently supported 
hy two forces, each equal to 2P. 
Again, the tension of the string pass- 
ing from B under C is S'P; and C is supported by two 
equal forces, each equal to 3'/*; similarly for D; and 
finally, the pnlley^ is acted upon by two upward forces, 
each equal to 3'P. Hence 

IF = a'p. 




where « is the numher of the pulleys. 



S30 
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The beam supirarts at « a tensiuti ci P, al^o HP at i, 
iP at c, 8/' at (/, and \(yp at e. 

222. Sfcoml Sydi-m. W = nP. Fig. 
163 represents another system of pul- 
leys. As here but one string is involved, 
its tension throughout — that is, each of 
the six hrancbes — is equal to P. The 
weiglit ia tlierefore aujiported by six 
forces, eaeh equal to P; that is, 

IF = CP, 




W = nP, 

where ;( ia the number of strings rising 
from the movable pulleys. 

This form of pulleys ia the one which 
is generally employed, though in practice, 
'""'"* as remarked in Art, 226, the wheels are 
placed side by side in two blocks. 

If in this arrangement the 
weight w of the movable fclock ia 
taken into account, the relation ia 
then 

W+w = nP. 

223. Third System. In the sys- 
tem of pulleys shown in Fig. 1()4, 
W = (2- - l)P. 

The tension of the string on 
which the power acts, that is at a, 
ia P; hence the pull on the wheel 
B is 2P, and this force is felt up- 
ward at &; still again, the pull on C is 4/*, or S'P, and j 




ime upward at c, also, on D it Ie 8P, and the 
I same upward at d. That is, the weight is sup)>urled b}' 
\ the four forces ; viz., P -j- 2P + H'F + i'F = 157'. 

w = UP = (a- - i)P, 

I or, in general, 

W= (2- - 1)P. 
\ The tension on the beam is equal to W -\- P, or 3'/*. 

•324. The following are other forms of piilloys, fur 
which the relations of J* to TF can be established in tlia 
same manner as for those already explained. 

In Fig. 16.5, W = iP. In Fig. ICG, W ^ 5P cos a 
(the tendency of the horizontal component of /"iaalao to 
he noted). In Fig. 167, W = 81P ^ 3-P. 
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this case (Pi^. 169, 170) the distance through which 

acts is twice the height thi'ougli which the wciglit rises, 

.: B = 2h, and W = '2P, or P ^ i fl 




3. Single MovaUe PullBy with Strings not Parallel 
The effective component of the power is P cob a (F'" 
171), and since s = 2Ji, as iibove, 

IF = 2P COB a. 
i. First System of Pulleys. Suppose that the weighi 

-up (Fig- 173) ia raised through J 

height A, the wheel D ie evidentl] 
raised 3/i; the wheel C, 2'A; t' 
wheel B, 2'h; the wheel A, 2'i] 
fJ" consequently the power P musl 
act through a distance s = " 
that is, W.k = 2'A.P, and I 
3'.P;or, in g 




W = 



%\P. 



F10.1T1. 5. Second System of Pulleyi 

If the weight is raised (Fig. 173) a height A, each 
the G strings must be sliortened by an equal amount;; 
consequently the distance s through which the power 



I'mnet act is equal to Gh, Hence F.Gh = W.k, and IT 
] = 6P; or, in general, 

W = nP. 

. Tliird System of Pulleys. Suppose that the weight 
lis raised (Fig. 174) a height A; then, since the pulley 
I i? ia fixed, the pulley C will on this account move down 
I a distance li; but, since the point c also rises a height h. 




the pulley B will moTe through a distance 3(A) + A. 
Similarly, the motion oi A will be through a distance 
2(3A + A) + A, and the distance (= s) for P = 
8(3'A + 2A + A) + A = 15, or (3* - 1)A. Therefore 
FA = (3* - 1)A.P, and TF = (2* - 1)P; or, in gene- 
ral, 

W = (2- - 1)P. 

226. Application of the Pulley. The second system 
of pulleys (223) is that which is most frequently em- 



( 
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practice, For tlie Bake of compactnees the 
arrangod side by side in each of the tffo 
blocks, OB fhown in Fig. 175. The relation 
of P to W is the same as in Fig 163. 

The theoretical relation of P to IT is not 
practically attained, for both friction and the 
BtiffnesH of the rope are very serioas resist- 
ances to be overcome. For many pnrpoaes, 
notwithstanding this loss, the pulley is a 
most useful mecbanical contrivance. It is 
r often used in connection with the wheel and 
asle or with toothed wheels, as in derricks 
and cranes. It plays an important part in 
tJie rigging of a ship. The single fixed 
pulley (218) is often employed where it is de- 
sired to chunge the direction of the force; 
e.g., in the case of a well. 



XSX. PuMeff. Articles 217-236. 

1. A man wci|;hing 150 lbs. site on a platform 
BUfipendedfromamovatile pulley (B, Fig, 160, p. 328). 
and raises himself hy a. rope passing over a. fixed 
pulley (A); Supposing the strings all parallel, (a) 
ivliat force does he exert! (b) What upward force 
is needed if the rope passes under a puUey fixed to 
tlio ground before coming to his hand? 

2. In a combination of pulleys, as in Fig. 162, IT = 
115311m. and P^73 lbs.: How many pulleys are there? 

3. In a combination of pulieya, as in Fig, 163, W = 
336 Iba. and P = 43 lbs. : How many movable pulleys ate Iheret 

4. In a combination as in Fig. 1B4, TF= 8401bs., P = 561b8.: 
What is Oie number of pulleys? 

5. In the single movable pulley, P = 100 lbs. : Calculate tha 
value of WU 2a = 30', - 60% = 130% - 150°, = 180°. 
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6. What force is Deeded to support 500 ibs. by the first system 
of pulleys, there being 4 in all? What is the force if each pulley 
Thighs i lb. ? 

7. Find Pas in esample fl, ifthe second sysleni of pulleys is 
employed. 

8. Find P as in example 6, if the third eystcm is used, 

8. What is the relation of P to IF in Fig. J65, if the weights of 
the movable pulteya are Uken inhi account! 

10. Whatiatherelationof PtoWiaFig. 167, if theweiglitaof 
the niDTable pulleys are considered'? 

V. Inclined Plane. 
227. The Inclined Plane, considered as one of the 
Bimple machines, is a rigid plane inclined to the horizon 
at an angle a, and upon it a weight is etippoi'ted by a 
power acting in some definite direction. If a section 
be made pei-pendicular to the plane, the figure below 
(176) is obtained. Here HL is the length ()) of the plane, 



[ SK its height (h), and LK its base {b). The three 
forces acting upon a body, and, as we suppose, holding it 

I in equilibrium, are the weight (FT) acting vertically 
downward, the power (P) acting at some angle /3 with 

I the plane, and the resistance of the plane acting at right 

I angles to it; these forces are supposed to act in the same 

LpWe. 
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228. Helation of F. W, ajid E. Ftrsi Method. If tiie 
liiree forces P, W. R, aL-tiiig together at O, ai-e in equi- 
librium, then (133) auih furue ia proportional to the 
fiiiie of the angle between the directions of the other 
two. Thut is, 

P : W: R=&m WOR : sin POR : sin WOP, 

= sin (180° - a) : sin (90° - y?) : sin (90° + a +/3), 

^sin«:coa/?:cos(a + y3). 

Weiua „ Wcosja+fi) 



I Ten CO 



R = - 



Second Method, The above rehifcion may also be ob- ' 
tuined lis follows: Since the forces P, W, R are in equi- 
librium (141), the algebraic sum of their components 
along any two lines at right angles to each other will be 
equal to zero. 

Take as these directions (Fig. 177} aline parallel to J 
the length of the plane, and one perpendicular to itj 




mi INCLINED PLANE. 237 

nents of R, P, and W are respectively R, ac, — ae. Ex- 
pressing these conditions trigonometrically, we have, first, 

F COB /3 — W sin a = 0, 

or F = ;5- ; (1) 

COB p ^ ' 

and second, R + F Bin /3 — TT cos a = 0, 

or R =W cos a — P sin /?. 

Substituting the value of F from (1) in the preceding 

equation, we obtain 

„ T^ W Bm o Bin 6 

R = TT cos a 77 — ^, 

cos p 

_ TT (cos a cos/? — sin a sin/?) ^ 

~" cos /^ * 

. jj ^ WcoBj^r±J)^ 



cos yG^ 



(2) 



229. Special Ca8e& The values of F and R in terms of 
TTand the angles a and /3, derived in Art. 228, apply to 
all cases, whatever the direction of F. If now the power 
acts along the plane, or horizontally, these general equa- 
tions take a special form applicable to the particular case. 

(a) The power acts along the plane (Fig. 178). Here 
/? = 0, and cos /3 = 1; hence, from the general value 

^ WBin a ... 

P = 2r-> we obtain 

cos /J 

F = WBina, (3) 

and, from the general value of 

jl = ^ ' ^f we obtain 

COBp 

R=Wco8a. (4) 



(i) The power tir/s horizontally (Pig. 179), 
! = — «, coe {— a) — coa a. Heuce, for 



A — \- ^' ''I ig obtained 

coayS 



-« = 



W 



(9) 

Prom (5), if a = 90°, P = ob ; that is, no finite fonW 
can Bupport a body against a Tcrtical surface if the 
faces in contact are perfectly smooth and there i. 
adhesion. This is only a special case of the general 
Lciple that the action of u force does not affect thfl' 
motion of a body in a direction at right aagles to tliat t& 
which it acts. 
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A in equilibrium. From P draw BC parallel to tlie 
direction of W\ then the triangle ABC has its three 
sides respectiyely parallel to the three forces, and hence 
(132, Cor.) these sides are proportional to them. Again, 
the triangles -4J5(7and KHL are mutually equiangulai 
and similar^ hence 

P: W:R = AB:BC:AC, 



= HX:HL:IjE', 



or 



and 



P^ 
W 

W 



HK 
HL 

LK 
HL 



sm a J 



cos a. 



(1) 



(2) 



The result in (1) is sometimes stated in this form: 
When the Power acts along the plane, the Power is to the 
Weight as the height of the plane is to the length. 

(fi) The power acts horizontally. Let (Fig. 179) the 
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three forces P, i?, W be represented by the three lines 
meeting at A. Through B draw BC parallel to the di* 
rection of W, and produce R to meet BC Sit C. The 
sides of the triangle ABC are respectively parallel to the 
three forces P, R, W, and tbarefore (132, Cor,) are pro- 
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pInneT (6) acting horizon lal ly ? (0 acting at an angle of 80° wi 
the plnnci? 

2. What is the reaction ot the plane in the three cases in i 

Binple 1 1 

3. A force of 100 lbs. acts parallel to nn iitclincd plane; Win 
weight can it support in tlie following cases — the angle c " 
plane is (fll 10°. (4) 30". (f) 45^ (rf) 80°, («) 80°, (/)90°? 

4. A weight of 100 lbs. rests on an inclined plane; What foro^ 
acting parallel to [he plane is required to support it, if the an, " 
of the plane has the same values as in example 3? 

G. A force of 100 lbs. acts boriitantally to an inclined plai 
What weight can it support in the different cases given in i 
ample 3? 

6. A weight of 100 lbs. rests on an inclined plane: What forc^ 
acting horizon tally, is required to support it in the several caa ~ 
of example 3? 

7. A railroad has a grade of 88 feet to the mile: Wiat foM< 
must the locomotive exert to support the weight of the wholl 
train, taking that at 25 tons? 

8. The length, height, and base of a plane are in the ratio ol 
6:3:4 Into what two parts may a weight of 58 lbs. to dividec 
so that one part resting on the plane may he supported by tb 
other hanging over the top vertically downward? 

9. It a horse can raise 600 lbs. vertically, what weight ci 
raise on a railway having a grade of 3°? 

10. The grade of a railway is 44 feet to the mile: What powef 
(acting parallel) is required to support any given weight? 

11. A body is supported on, an inclined plane by a force of i 
lbs. ficting parallel to the plane; but if the force acts horizontal]<f 
it must equal 50 lbs. : Required the weight of the body, and tM 
inclination ot the plane. 

13. Two inclined planes of lengths 40 and 60 feet are placed ac 
. that they slope in opposite directions, and 'their equal beighti,-Ut 
feet each, coincide; a weight of 8 lbs. is supported in the longaP 
plane by a string, parallel to the plane, passing over a pulley a 
the top, and attached to a second weight on the shorter plane: 
What is the second weight! 

18. Weights of 8 and 13 lbs. are supportHd in equilibrium 
two inclined planes, so placed Chat their equal heights of 6 £ 
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each coincide; they are attached to the extremities of the same 
string passing, parallel to the planes, over a pulley at the top : 
What are the lengths of the planes, the angle of the first plane 
being 30"? 

VI. Wedge. 

233. The Wedge in its simplest form is a five-sided 
solid, of which two adjacent sides meeting in the edge 
are rectangles, the two opposite ends are triangles, and 
the back is a rectangle. The power is supposed to act 
in a direction perpendicular to the back, and, assuming 
the surfaces in contact to be perfectly smooth, the resist- 
ances are felt in the same plane perpendicular to the 
sides. 

234. Suppose the triangle in Fig. 181 to represent the 
section made by a perpendicular plane through the 
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wedge; then, if the three forces P, Q, R hold the wedge 
in equilibrium, their lines of direction will, if produced, 
all meet at some point 0. * Also, since these forces are 
by suppo sition at right angles to the sides of the triangle 
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ABC, these sides will Ijc respectively proportional M 
them; that ia, 

P:Q:R=AB:AC:Ba 

If (as in Fig. 181) the section ib aa isosceles tnan^ 
AC= BC, and Q = R; hence 



'RMiAB= %AD; and \t ACB = 
or AB = 2JC. sin a; that is. 



AD =^ AC &ma, 



R 



AC 



^ 3 sin a 



It appears from this eqnation that the mechanical ad^ 

Tuntage increases as the angle of the wedge diminisheB, 

235. Wedge on the Principle of Work. Let ABO 

(Fig. 183) be an isosceles wedge, and let the power a 

iog against the resistances Q and ^ 

(= 3^) force the wedge nniformly 

in a distance equal to DC. Tha 

■work done by P is P. DC. The 

effective distance through which 

~j the resistance has been overcome ig 

/ D'E. Therefore 

P.DC^%R.D'E, 
D'B = D'C sin a; 
. P.DC= ZR.DC Bin a, 
P = 2R sin a. 
. Application of the We^e. In practice the rela- 
tion established for the wedge has little value, for ths 
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resistance due to friction is enormons. The wedge, 
however, is an important instrument; it appears in many 
cntting tools, such as the knife, chisel, axe, plane, and 
so on. It should be noticed that in the case of the plane, 
for example, if used for cutting soft wood, the angle is 
small and the edge shai-p; for harder wood the angle is 
larger. The tool for planing iron has a very large 
angle — varying, say, from 60° to 80°. 

When the wedge is employed as for cleaving wood, the 
resistance due to the cohesion and friction combiued is so 
great that, instead of the pressure supposed in the above 
article, a blow from a heavy Iwdy, ns an axe, is used to 
drive it in. In this the principle explained in Art. 106 is 
employed; the energy of a heavy body in motion being 
expended through a very small distance, and hence over- 
coming a great resistance. A nail is a familiar form of 
wedge, and its use further illustrates this principle ; it 
depends upon friction for its hold in the substance into 
which it has been driven. 

EXAMPLES. 
XXXII. Wtdgt. Arlit-les 333-235. 
1. A wedge IB isoBcelcB in Hhape and has an angle of 20° ; if 
P = 40 lbs., what is the resistance on each face? 

3. A wedge is iBoacelea, and the ungle W)°; n force of 100 lbs. 
acts at the back: What are the otier two forces 1 

3. A wedge la isosceles, the power aclmg on the back h 40 lbs,, 
and the forces on Uie other aides are 60 lbs. each : What la the 
angle of Ihe wedge? 

4. A wedge is isosceles and has an angle of 60° : What is the 
relation between the three forces! 

5. The wedge is right-angled and the three sides have lengths 
of 15, 13, and 9 (back): If P= lOO, what are the Other two forces' 

8. The angle of the wedge is 30'", the back ia 10, and one side ie 
90i What 1b the ratio of the three forces? 




VII. Screw, 

837. The Screw consists of a solid cylinder with a 
iMiscd portion passing Bpimlly about it, which is called 
tliL' tiiroud. This thread is either rectangular or ti' 
ungutav in sha)>e. It may be regarded aa generated I'j 
the revolution of a roctangle, in the one caso, < 
isosceles triangle, in the other, about the cylinder at tbe 
siimc time that it advances uniformly parallel to the 
axii!, and ut such a rate that in each revolution it goes 
distance equal to Its own width. The two kinds of 
tlircuda are ehown in Figa. 183, 184. 

The screw iii use worka in a nnt wliosc juris are cum- 



plemcntary to those of tlie screw, ao that the one fits 
closely into the other. The power acts at the end of a 
h!ver-arm to turn the screw in the nut; either one may 
bo made stationary, so that the other moves with refer- 

e to it. TJie pressure of the weight or resistance is 
felt in the direction of the longer aiia of the screw, but 
the resistance between the screw and nut is felt nt each 
point of contact between them and perpendicular to 
their common surface. 

38. In the surew lU Power 
ilistance betwpen the tlireiids v 
iksrribed Itj the Piiirer. 

Suppose the surface of the cylinder, abotit which the 



in to the Weiffht as the 
to the circumference 
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thread passes as a spiral line (its thicknesB being neglect- 
ed), to be unrolled on a plane, A rect- 
angle with a series of equal triangles ^ 
is the resnlt, as shown in Fig. 185. 
Here AB is the circumference of the 
cylinder = 2/ir, if r is the radius of 
the cylinder; C.45i8the angle between 
the thread and a horizontal line, called 
the angle of the screw; BC is equal to 
the distance between the threads, also 
called the pitch of the screw. 

BC = AB tan a; fio. ibb. 

.". distance between threatis = 27rr tan a. 

Again, at each point of contact between the screw and 
^ the nut a force acts horizontally 

Xw and holds both (1) P, acting on the 

lever-arm R (Fig. 186), and (2) W, 
acting vertically downward in equi- 
librium. Let the sum of these 
partial horizontal forces be i-epi'e- 
sented by F; then, taking moments 
about tlie axis, 




P.R ■= F.r. 



(!) 



For P and F tend to turn the 

cylinder in opposite directions. 

Also, on the principle of the in- 
*~^ elined plane, since the force F 

acting horizontally [229 (5)] sup- 
ports the total weight W, 

F = n^.tan a. 



From (1) and (2) 



P.R = W.rim c 



multiplying by 2t. 



W %nR • 

But ^nr tan a = distance between the threads, 
27tll is the ei rc urn fere uca described by the power-armj 
beuce the relatiou already given is deduced. 

239. Screw on the Principle of Work. Let the power 
acting on its lever-arm (?ause it to describe a completft 
cireumfei'ence ZtzU; tlie work done by the power is theO; 
P.HtiR. At the same time the weight htia been raised' 
{or resistance overcome) through a distance eqnal to' 
that between two consecutive threads. Therefore 

P.'inR = H' X dist. between threads, 

P _ dist. between threads 
W ~ 3^S ■ 

240, Application of the Screw. The screw is practi.*, 
cally a most important mechanical instrument, being 
used in many eases wliere a groat weight is to be raised, 
or a heavy pressure to be eserted. For esample, build- 
ings are often raised by the combined use of a number; 
of screws, and screw-presses are employed for many difc 
ferent purposes. 

By increasing the length of the power-arm, or dimin: 
iahing the distance between the threads, any require' 
mechanical advantage rauy tlieiiretivally bo obtained; i 
fact, howeTer, a limit is soon reached; fi-iotion is I 
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serious element, and the modulus of the machine is 
small. The use of the common screw, as, for example, 
in binding two boards together, depends for its efficiency 
entirely upon friction. 

241. Micrometer Screw. The screw is also employed 
for measuring very small distances, and is then called a 
micrometer screw. In this case the relation in velocity 
of motion of the parts is the matter considered, and the 
relation of P to W is lost sight of. The principle of the 
micrometer screw will be clear from the following 
remarks. Suppose a screw with 100 threads to the 
inch: it is obvious that each complete revolution will 
advance the screw if the hut is stationary, or the nut if 
the screw is held firm, through a distance of yItu ^^ ^^ 
inch. Suppose, further, that the head of the screw 
is a circle whose circumference is graduated into 100 
equal parts: then, if it is arranged with a fixed index, it 
is easy to turn the head — that is, the screw — through -^hf 
of a revolution, and this will cause an advance of y^^ of 
Y^ of an inch; that is, Yo-iinr ^^ ^^ ^^ch for the screw 
itself. Screws with veiy fine threads, and hence giving 
very slow motion, find many applications in physical 
apparatus. 

242. Differential Screw. The differential scretv gives 
fli greater mechanical advantage, and hence a slower 
motion (which may be the end desired), than can be 
Donveniently obtained from the simple form. Here a 
larger screw turns in a fixed nut, and a smaller one with 
Si less pitch turns inside of it. The power acts directly 
on the larger screw, and the resistance is felt by the 
smaller. Hence it is evident that while the large screw 
descends the i?mall screw ascends, and the actual motion 
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of the platform Is the resultant of these two oppodte 
velocities. 

The relation of P io W is giren immediately by tl 
principle of work. Snpi>ose the power to act throD] 
one circumference (2rrR); the larger screw will descent 
a distance equal to the distance between ita threads (p), 
and the smaller screw will ascend the distance between 
ite threads ( p') ; hence the difference of these two will 
represent tlie distance through which weight is raised 
(or lesistance moved). 

The Power i« to Ihe Weight as the difference of lh». 

distances between the threads of the two screws ts to f 
circiuiferen-re described by Itte power-arm. 
243. Endless Screw, Fig. 187 represents what is callt 




an endless screw. Here there is a cylinder with a un: 
form thread fitting into the teeth of u toothed wheel. 
The number of threads in the screw of the cylinder A3 
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will determine the number of teeth of the wheel (7, 
which will be advanced in one revolution of the former. 
Upon this depends the mechanical advantage of the 
arrangement. 

EXAMPLES. 
XXXIII. S(yrew. Articles 236-242. 

1. What weight can be raised by a power of 30 lbs. acting on a 
lever-arm 2 feet long, if the screw has 2 threads to the inch? 

2. If a power of 40 lbs. acting on an arm 25 inches long can 
support a weight of 8000 lbs., what will be the distance between 
the threads of the screw? 

3. A screw has 10 threads to the inch; the circumference 
described by the power is 4 feet: What power is needed to sup- 
port a weight of 6000 lbs? 

4. While the point of application of the power makes a revo- 
lution of 3 feet, the screw advances i of an inch; the power is 50 
lbs. : What is the weight raised? 

5. The angle of the screw is 10", and the length of the power- 
arm is twenty times the radius of the cylinder: What is the me- 
chanical advantage? 

6. The circumference described by the power-arm is 20 feet, and 
the mechanical advantage 480: How many threads in the screw 
are. there to the inch ? 

7. The circumference described by the power-arm is 14 feet, the 
power is 60 lbs., and the weight 6 tons (6 X 2240 lbs.): What is 
the distance between the threads of the screw? 

8. The power-arm of a differential screw is 18 inches ; there are 
6 threads to the inch in the larger screw, and 8 threads in the 
smaller; the power is 30 lbs. : What weight can be supported? 
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244. Motion in aYertioal Cirde. Let ABO (Fig. 188) 
represent a vertical circle, r^arded as perfectly Bmooth. 
Suppose a particle to start from rest at A and dide down 




Fig. 188. 

toward B ; its Telocity (v) at any point Jf will be the 
same (40) as if it had fallen through the vertical height 
BF; that is, 

v' = 2g.BF. (1) 

Since DMB and DAB are right angles, by geometry, 

(2) 
(3) 



MB = DB.FB, 



AB' = DB.EB. 

Let AB = a, and MB = z; also, DB = 3r; substitut' 
ing these values and subtracting (2) from (3), 

«?•-?* = 3r {EB - FB) = %r.MF. (4) 
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Introducing the Viilue of FFh-om (4) in (1), we obtain 

"• = 1 («'-A .= ±/|(«'-0. (5) 

For the point A (or A'), z = n, and therefore r = 0; 
for 5j z = and v= ± rt y — , the doable sign indicat- 
ing that the motion may be from ^ toward A'(-\-), or the 
reverse (— ), For two points M and M', equally dis- 
tant from B, BM = + x, and BM' = - z\ for both 
these the value of v is the same, and for each there is a 
-|- value and a — value, according to the direction of 
the motion. It is evident that if the particle were pro- 
jected from B with a velocity eqnal to a y — , it would 
.ascend to A' before coming to rest. 

246. Motion of a Simple Pendulum. An ideal simple 
pendulum is a matei'ial particle attached by a string 
without weight to the ])oint of suB])ension, and vibrating 
without resistance from friction or any other source. A 
particle ao suspended will, if set in motion, continue to 
vibrate to and fro in an arc of a circle, and will follow 
the same laws aa the body descending the smooth curve 
considered in the previous article. The tension of the 
string, like the resistance of the plane, is always equal 
to one component of the weight, and is in both cases 
exerted at right angles to the direction of motion, and 
hence does not influence the velocity of the particle. 

Thereforethe valueof tlievelocifcy, y = y — («° ~ z''), 
obtained in Art. 344 will apply also to the pendulum at 
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any point in its course. Lf now tlie radius r (the length 
of the pendulum) iB great and the length of the arc c^ 
vibration ia very small, we may take a and z m thia 
value of V as representing the arcs instead of the chorda, 
and this is assumod in the following demoDstratioa. 
The error arising from thia aesunipliou muyhe 
without destroying the viJue of the result. 

Let an' (Fig. 180) represent the arc of vibration of the 
aimplo peuduSura, whose length {r) is CB. Take the' 
^ Btraiglit line AA' etjual to 

and so that every point m on tha 
arc hiis a corresponding point if 
OQ the straight line. We may 
without error imagine the pen- 
dnhim to vibrate from A to A\ 
following the same law as in the' 
arc aa', so that its velocity aX 
any point M will be expressed by 
the above formula. 




= /^j.. 



when AB = BA' = a, and B^' 
= z. Here, aa remarked above, 
a smd 2 are arcs, not chords. 
Upon AA' as u diameter de- 

, scribe the circle -4 A'L'l', and sup- 
pose a particle to move vnifonnly 

' about the eemi-circumference 
ANA'-v/\i\i. the constant velocity 

a-y^. Then, since the dis-" 
ffia,l88. - '" , . . - 

tnnce passed over is na, the time 
{t) required for this imaginary particle to go from A to 
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-4', since the distance and Telocity are known, is (19) as 
follows : 



It will now be shown that this expression also gives the 
time required by the pendulum to vibrate from A to A' 
(that is, from a to a'). 
The constant velocity V of the imaginary particle, viz. 

a y—y may be represented (20) at any point in its path, 

as iV, by a tangent to the curve NQ ( = ay ^j. The 

horizontal component of this velocity is then represented 
by NP. 

NP = JV^.cos QNP, 

= a j/^.cos BNM. 
r 

But a cos BNM = NM^ and 

iOf = ^ira ' - 'BE'' = Va'' - z\ 

Therefore NP = y^- {a' - z'). 

Now, this expression for the horizontal component of 
the velocity of the imaginary particle at JV is also 
the value of the velocity of the pendulum at the cor- 
responding point M. The meaning of this result is 
as foUows: If, at the same instant that the pendulum 
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through the§e particlea and parallel to the axis of aw 

penaiou is called the axis of oncill-ation. The dist 
between tliese two axes \a the length of the Domponi 
pendulum as above defined. 

247. To find the axis of oaoillatioUj use is made 
the priiici pie : The axis of s uspension and axis of oscilla- 
tion are interchangeable. Therefore, if the pendulum be % 
HWang on one axis and tlie time of vibration be deter- 
mined, and tlien the second axis be found, so thai 
a if this is made the axis of suspension the time ol 
Tibration will be exactly the same, the latter axk 
IB the axis of oscillation. The truth of this priit 
cdple is established in works on higher Mechauioa 
The pendulum exhibited in Fig. 190 is a forU 
devised by Kater : a and b are the two axes of 
Bospension and oscillation ; v and w are two 
Blides, the position of which may be adjusted 
nntil the condition in regard to the equal times (d 
yibliition for the two axes is aatisfied. 

248. Application of the Fendnlum. The mo^ 
important application of the pendulum is aa ^ 
^' instrument for determining the value of th( 
acceleration of gravity {g). Tho direct determi* 
nation of g requires the obseryation of eithe] 
the velocity acquired (33 feet per second in I 
second) or the apace passed over (16 feet in tht 
first second from rest) by a body (27) falling in i 
vacuum. This method is obviously impracticat 
'"■"•^ ble. If Attwood'H machine (74) be employe^ 
the force of gravity may, iia it were, be weakened so thai 
the velocity acquired and space passed through are much 
less than for a btdy falling freely. In thia way approzi'i 
mate values of g may be obtained. 
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For accuracy, however, the aeconds pendulum gives 
the simplest and moat satisfactory method of determin- 
ing tlie value of y. From Art. 2+5 wo eeo that 



'=V! 



FoT the seconda pendulum, g — n'l. 

In the actual determination of the vitlne of I for a 
pendulum yibniting in seconds on any point of the 
earth's surface, many refinements of observation are 
required. It is sufficieut, however, to say here that 
when the experiments are carried on with all possible 
care, ami when the many neeossary corrections have been 
introduced, a very high degree of accuracy is obtainable 
for the value of I, and consequently of g. 

249. The following table gives the lengths of the 
seconds pendulum and the value of g (tor the sea-level) 
for some important jwinta on the earth. Those for the 
equator and pole aro calculatted from an equatioii the 
constants of which have been deduced from numerous 
pendulum experiments in different loculitiea; the others 
are from direct observations (U. 8, Coast Survey): 

LaUtuda. In J^^-te^r-^c. 'K^h''''' 



New York (Hobokea) 40° 43' 33.1B1 

Paris. 48° 50' 33.1S5 

London (Kew) 51" 20' 

H iiii i ii II I ■[ — 

Pole 90" 0' 83.255 80.317 

260. The lengths of the seconds pendulum, as deter- 
mined by numerous experiments, are of great value, as 
giving the means of comparing the intensity of the force 
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of gravity at the difforent stations. By this means the 
elUpticity of the earth haa been determined. A formula, 
allndod to in the previous article, has also been obtained 
whicli gives the valnes of i and g for any required lati- 
tude. The ellipticity of the earth, obtained in this 
way, difEers somewhat from the similar result from tha 
trigonometrical measurements of long arcs of meridians. 
Moreover, the values of I and g derived from the formula 
do not always agree with those obtained by direct ex- 
periment as closely as naight be expected. The ex- 
planation of the variations is to be found in the facta 
(1) that the earth is rather an ellipsoid than a spheroid, 
and, further {2}, that the density of the earth's crust at 
different points is not uniform. This latter- point haa 
been extensively investigated by means of these pendu- 
lum observations; it is found, for example, that the attrao-. 
tion on the coast is greater than in the interior, and 
that it is still greater on islands in the sea. From this 
it is argued that the density of the earth's crust under' 
the ocean is gi-eater than the average of that forming 
the dry land. Other similar resultB have also been 
obtained by this means. 

2fil. It has also been proposed to make the pendulum 
a basis of a system of weights and measures, on the 
ground that it would, at a given place, be a standard 
which could be at any time replaced if others were 
destroyed. It was, for example, enacted by Parliament 
in 1834 that the length of the standard yard should bear 
to the length of the seconds pendulum in London (in 
vacuum and at the sea-level) the ratio of 36 : 39.1393. 
The difficulty in obtaining the length of the pendulum 
with the degree of accuracy now needed for a standanl 
of measures makes the relation of little practical valu» 
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The pendulum finds a further application as a regu- 
lator for clocks. 

EXAMPLES. 
XXXrV. Pendulum. Articles 244r-247. 

[The length of the seconds pendulum at New York is about 89.10 

inches, and^ = 32.16.] 

1. Required the length of a pendulum at New York which 
^will vibrate (a) in i second, (b) in 2 seconds, (c) in 2^ seconds. 

2. Required the length of the seconds pendulum where the 
acceleration of gravity is 32.25 (that is, near the pole). 

3. Required the length of a pendulum to vibrate in 2 seconds, 
where the value of ^ is 32.1. 

4. What would be the length of a pendulum to vibrate in 
1 second at the surface of the sun (acceleration of gravity = 28 ^)? 

6. How many beats in a minute would a pendulum 8 feet long 
make in New York? 

6. If a pendulum 24 inches long vibrates in | second, what is 
the length of a seconds pendulum? 



ADDITIOI^AL EXAMPLES, 

INTRODUCING THE METRIC UNITS. 



I. Uniform Motion of Translation or Rotation. Articles 17-21; 

pp. 9-12. 

1. A body travels 10 meters per second: How far will it go in 
a day of 24 hours? 

2. A velocity of 50 kilometers per hour corresponds to a rate 
of how many meters per second? 

3. A man walks uniformly 6 kilometers per hour: (a) How 
many decimeters does he go in a second? {b) How many meters 
in a minute? 

4. Two bodies start from the same point in opposite directions; 
the one moves at a rate of 3 meters per second, the other at a 
rate of 30 kilometers per hour: (a) What will be the distance 
between them at the end of 8 minutes? (b) When will they be 
6 kilometers apart? 

5. How far will the bodies in the preceding example be apart 
at the end of the same time, if they move in the same direction? 

6. (a) What is the angular velocity of a revolving wheel having 
a radius of 1 meter, if it makes 14 revolutions per second (take 
;r = 3})? (b) How far (in kilometers) will a point on the circum- 
ference travel in 10 hours? 

II. Uniformly Accelerated Motion Articles 22-28 ; pp. 13-20. 
A, FaMing Bodies {g = about 9.80 meters at New York). 

[The body is supposed to start from rest.] 

1. Calculate the distances fallen through (in meters) and the 
acquired velocities in 1, 2, 3, 4 seconds from rest. 
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3. A body falls 10 seconds: Required (a) the velocity acquired; 
(A) the wbole dixtaDcc fallen tliroiigli ^ (r) tlie space pasned over ia ' 
the last spfoud of its fall. 

5. A body lias fallen Ibrougb 90 meters: Required (a) tlie time 
of falling; (ft) (he final velitcitiv 

i. A body has acquired in falling n velocity of 73.5 meters per 
second; Required (a) the time of tailing; (A) Die distance fallen 
ibrough. 

0. A body in falling passed orer 441 meters in Uie last second: 
Kcquircd (n) the time of falling ; {b) the distance fuUca. 

B. Generai Com. — Aecehmtion ■=/. 

a the flrst 5 seeonds from rest; 

2. A body moves 10 meters in the first second: (q) What ia the 
acceleration? (I/) How far will it go in 6 seconda? (6) What will 
be its final velocity &l the end at this time? 

3. The acceleration is 13 meters-per-aecond per second: (a) 
What velocity does a body acquire in 5 seconds! (fi) What space 
does it pass over? 

4. A body moves 54 meters in 3 seconds, and 06 in the next 3; 
Is its motion uniformly accelcratedl 

B. A body passes over 64 meters in 4 seconds: What distance- 
must it go in the next 5 to sutiafy the condition of uniformly 
accelerated motion! 

6. The velocity of a body is increased from SO to 40 meters per 
second while it passes over 30 metcra: What ia the acceleration! 

rn, Oompositioii of Conalanl Veladties. Articles 39-37; pp. 23-37. 

1. The velocity of a steamboat is 10 kilometers per hour, that 
of the stiiiam ia 6. and a maa walks the deck from stern to 
bow at the rale of 6; Required the actual velocity of the boat 
(n) if beaded up stream, and (i) down stream; also (c, d}j that of 
the man in each case. 

2. The velocities of t)ie boat and stream are respectively 100 
meters and 60 meters per minute, and Ilie boat is headed directly 
across the stream (Fig. 11): (a) What will be the actual direction 
of the boat's motion! (A) What the rate of its motion? (e) IIow 
long will the passage lake if the stream is 3 kilometera in width! 
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3. The velocities of boat and stream are as in 2, but it is re- 
quired that the boat shall go directly across from Aio C (Fig. 
12): (a) In what direction must the boat be headed? {h) What 
will belts actual velocity across? {c) What time will the passage 
take, the width being as in 2? 

4. A ball on a horizontal surface tends to move north with a 
velocity of 12 meters per second, and east with a velocity of 
5 meters per second : (a) What will be the actual velocity, and (&) 
in what direction? 

5. A ball, moving north at a rate of 8 meters per second, re- 
ceives an impulse tending to make it move due south-east with 
the same velocity: (a) What path will it take, and (6) at what 
rate will it move? 

6. A man, skating uniformly at a rate of 4 meters per second, 
projects a ball on the ice in a direction at right angles to his 
motion at a rate of 3 meters per second : What is (a) the actual 
rate, and ip) the direction of its motion (friction neglected)? 

IV. Resolution of Constant Velocities, Article 38; pp. 28, 29. 

1. A ball tends to move in a certain direction at a rate of 6 
meters per second, but it is constrained to move at an angle of 
60° with this direction : Required its velocity in the latter direc- 
tion. 

2. A ball rolls at the rate of 6 meters per second across the 
diagonal of a rectangular room ABGD whose dimensions are 
15 X 20 (= AB X AC): What is its rate of motion parallel to 
each side? 

3. A body moves N. 30° E. at a rate of 5 kilometers per hour: 
Required its rate of motion northerly and easterly. 

4. A boat, though headed directly across a stream, actually 
moves diagonally across the stream at an angle of 30° {BAC, Fig. 
11) and at a rate of 15 kilometers per hour: Required (a) the rate 
of the boat, and (6) of the current taken independently. 

V. Falling down an Inclined Plane. Article 40; pp. 32, 33. 

[The plane is supposed to be perfectly smooth, so that there is no 

friction.] 

1. The angle of the plane is 30° : Required (a) the acceleration 
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down tbe plane; (b) the distance f&Uea through m 4 seconds: (e| 
the velocity acquired. 

2. Tbe height ol the plane is 19.6 meters and the length 78.4; 
f^) What is the time required to reach the ImttomT (&) What la 
the Telocity acquired* 

3. The angle oI the plane is 45°: Required the time of falliD^ 
400 metera. 

4. The length of a plane is 630 meters; a body fulls down it in 
30 seconds: <a) What ia the accelerationT (A) What is the height 
of the plane! 

VL Bodiei projected tertKoUy dowavard. Articles 41. 43; 
pp. 34, 35. 

1. A body is thrown rertically down with an iuitial velocity of 
13 meters per second: lieqiiircd (ii) tbe velocity at Q\o end of 7 
seconds; (6) the distance fallen through. 

3. A body is projected dowc with an initial velocity of 19.1 
meters per second : (it) How long will it require to full 218 meters? 
(ft) What velocity will it then have? 

3. What velocity of projection must a stone have to reach the 
bottom of a cliff 100 meters high in 8 seconds? 

4. A stone is dropped from a bucket which is desccoding a 
shaft at the uniform rate of 3.5 metci^ per second, and at the 
moment when the bucket is 75 meters from the bottom: (a) How 
far will they be apart in two seconds! (6} When will the stone 
reach the bottom? 

VII. Badia pnyected nertiealls ^pirvtrd. Article 44; pp. 37-39. 

1. The velocity of the projection upward is 49 meters per 
second: Hequircd (a) the time of ascent; (A) of descent; (f) the 
height of ascent; (d) the distance gone in the first and last 
seconds of ascent. 

3. A body is projected up with a velocity of 42 meters per 
second: (u) When will it bo 37,1 meters above the starting-point! 

3. What velocity of projection must a ball have in order to 
asccud just 160 meters? 

4. What time does a body require to ascend 250 meters, that 
being the highest point reached? 
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5. A ball thrown up passes a staging 36.4 meters from the 
ground at the end of 2 seconds; (a) What was the velocity of the 
projection? {b) When will it pass it again? 

VIII. Prqjected up or down a smooth IncHned Plane. Article 46; 

p. 39. 

1. The height of the plane is 105 meters, the length is 420 
meters, the velocity of projection down is 20.3 meters per second; 
(a) How long will it require to descend? {b) What will be the 
final velocity? 

2. The angle of the plane is 30°, the velocity of projection 
down is 10 meters per second; Required (a) the velocity at the 
end of 4 seconds; (b) the distance gone through. 

3. The height and length of the plane are 160 and 320 meters 
respectively: (a) What velocity is required that the body should 
just reach the top? (b) What time is needed? 

IX. Bodies prqjected against Friction. Articles, 41, 42; pp. 84, 35. 

[The retardation (or minus acceleration) due to friction takes the 
place of the /in the formulas of articles 42 and 44.] 

1. A body projected on a rough horizontal plane has at starting 
a velocity of 40 meters per second, but loses this at the rate of 4 
meters for each succeeding second : (a) What is the retardation 
(minus acceleration) due to friction? (b) When will the body 
stop? (c) How far will it have gone? 

2. The retardation due to friction is for each second 6 deci- 
meters per second for a given sliding body, the initial velocity 
is 12 meters per second: Required (a) the time it will continue to 
slide ; (b) the distance it will go ; (c) its velocity at the end of 3 
seconds. 

3. If the retardation of friction is 2 decimeters-per-second per 
second: (a) What initial velocity (in kilometers per hour) must a 
body have in order to slide just 160 meters? (b) If the velocity is 
doubled, how much farther will it go? 

X. PrqjectUes, Articles 47-51 ; pp. 43-50. 

1. The initial velocity of a projectile is 245 meters per second, 
and the angle of elevation is 30° ; Required {a) the time of flight; 
(6) the range. 
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S, Tlie inilial Telocity is 140 metora per second: What angle o(, 
cteTiiUoQ will give a iBogc of l.G kilomelere? Sbow that lliere 



8. Tlie Bnple of elevation is 16' : WUat iniUal velocity is re- 
qiiircil Uint tlie range sliould be i kilonieleraT 

4. A rifle-ball is sliot liari^ntally from the top of a tower 44.1 
inelcrs Ligh. and wilh an iiiitiul velocity of 400 meters 
second: When and liow fur from the base of the tower will it 
strike the liorizontal plane below? 

5. A ball is thrown horizontally from the top of a cliS above 
Ihc eea; it Etrikea the water in 5 aecooda, and at a boriEontal dis^ 
tiinee of a kilometer: What -was (a) the initial velocity, and 
■what was the height o£ the ciiff ! 

XI. 3fat»—Den*ity—Volvnu. Article 56; pp. 63, 54. 

1. What Is the ratio tn volume of a piece of silver weiring': 
20 kilograms and having a density of 10.5 (referred lo wat 
unity), and a piece of iron weighing 5 kilograms and having 
B density of 7 J 

3. What is the ratio In weight (that is, in mass) of two blocks 
of stone, one having a volume of 1 eubic decimeter and a density 
of 3, the other a volume of 400 cubic centimeters and a density 
of 3.75? 

3. If a liter of dry air at 0° weighs 1.S033 grams, and a liter of 
■water at the same temperature weighs 99B.88 grama, what is the 
deusity of the water referred to that of air aa unity 1 

4. What is the weight of a tiler of mercury at 100°, Uie expan- 
sion of volume from 0° to 100° being in the ratio of 1 : 1.0154 ? 
The density of mercury at 0' is 13.6, referred lo water aa unity. 

Xn. Fbree of Grawty. Articles 63-65; pp. 58-63. 

1. At what distaueo from the centre of the earth would a mat 
of matter weigliing 16 kilograms on the earth's surface exert 
full equivalent to 1 kilogram on a spring-balance ? 

2. If the mass of the sun is Sfi5,000 times that of the earth, and 
its diameter 112 times, what would be tlie acceleration of gravity 
at its surface ? 

8 If the moon's mass is jij of that of the earth, and iti dior 
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meter 3476 kilometers, that of the earth being about 12,715 kilo- 
meters, what is the acceleration of gravity on the moon's surface? 
4. If the distance from the earth to the moon is 60 times the 
earth's radius, what is the force of the earth's attraction at the 
moon? 

Xni. Collision of Inelastic Bodies, Article 70; pp. 70, 71. 

[The bodies are supposed to be perfectly inelastic, their motion 
is uniform, and the impact is direct.] 

1. A ball weighing 10 kilos and having a velocity of 6 meters 
per second overtakes a second ball weighing 5 kilos and whose 
velocity is 8 meters per second: What is the final velocity? 

2. If the first ball in the preceding example meets the second, 
what is the final velocity? 

3. A body weighing 40 kilos strikes another at rest weighing 
360 kilos, and the two move on with a velocity of 1 meter per 
second: What was the original velocity of the first ball? 

4. Three bodies, each weighing 4 kilos, are situated in a 
straight line; a fourth, weighing 8 kilos and moving at a rate of 
6 meters per second, strikes them in succession: What velocity 
results after each impact? 

5. A rifle-bullet weighing 30 grams is fired into a suspended 
block weighing 15 kilos; the blow causes the wood to rise 36 
millimeters: Required the velocity of the bullet at the moment 
of impact. 

XrV. General DynarrUcdl Problems, Articles 68, 73-76; pp. 66, 

67, and 75-80. 

1. If in Attwood's machine P= 102 grams and Q = 45 grams: 
(a) What is the acceleration? (f) What space will be passed 
through in 2 seconds ? 

2. (a) At what height above the earth's surface would a body 
fall 625 millimeters in the first second from rest? {b) If its weight 
was 16 kilos, '^hat pull would it exert on a spring-balance at this 
point? 

3. A weight of 6 kilos hanging over the edge of a smooth table 
drags a weight of 15 kilos with it : What is the acceleration and 
the tension of the string? 
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4. For wbat time must n force of SO gruns (gravilation i 
ure) ftct ou a body weigliiug 3 kilos to give U g, yelocitj of ( 
iiii'tres per sccaiid ? 

0. A IxHly weighing 140 kiloa is moved by a constant forest 
wlijch generates a velocity of 2 meters pet stcond in one second^ 
What weiglit couid llic force support? 

6. Wlial constant force (a) in gravitation measure (grams), (*) 
in absolute measure (dynes), will cause a body neighing 490 
grams lo pass over 4U0 meters in 10 seconds ou a smoutb burl- 
Eoutal surface? 

T, A constant force of 080 dynes gives a body an accdemtion 
of T meters per second in one second : What is the weight of the 
body (in grams)? 

8. What weight could a force equal lo 1 dyne support? 

XV. Cejiiripelal and CenlrifugaZ Mree^. Articles 77-81 ; pp. SS-SJ 

1. A ball weigbinj^ 10 kiloe is wiiirled by lucans of a string 
around a centre at a. radius of 2 meters, nith a linear velocity o{ 
7 meters per second: What is tbe value of ^; and what is tUfa 
tension of the siring (F)? 

3. A ball weighing 14 kilos attached In a centre at a distance 
of 3 meters makes 420 revolutions in a minute (;[ = S)}: What is 
the pull on the ceutrc! 

XVI. Frielum. Articles 82-94; pp. 90-98, 

1. A force of 6 kilos is just aufflcieol to move a body weighing 
48 kiloB uniformly along a bC'rizontal plane; Wliat is tbe coeffi- 
cient of friction? 

2. The value of « is .8, the weight of the body is 18 kilos: 
What force is required (o move it uniformly'? 

B. It is found that a force of 40 grams suffices to move a body 
uniformly on a horizontal surface, where tbe value of tbe 
efficient of friction is known to be .25; What is the weight of tlia 
body? 

4. A body weighing 15 kilos is just on the point of Bliding 
when the surface it rests upon is inclined 20° : («) What is the co-, 
efficient of friction and the force of friclionf (i) If the weight o(^ 
the body is doubled, what vnkies have these quantities? 
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5. A body weighing 12 kilos rests on an inclined plane whose 
angle of inclination is 30° and where // = .6: What is the force 
of friction? 

XVII. W(yrk, Articles 95-100; pp. 101-105. 

[The UNIT OP WORK is usually taken as one kUogram-metei*; on 
the C. G. S. system it is an erg^ or one dyne-centimeter,] 

1. How many foot-pounds correspond to one kilogram-meter? 

2. A weight of 300 kilos is raised to the top of an inclined 
plane whose length is 1200 metres, and the angle of inclina- 
tion = 10°: What work is done? 

3. A sled weighing 600 kilos is dragged 15 kilometers on the 
snow, where the coefficient of friction is .075: What work is 
done against friction ? 

4. How much work is done against friction in dragging a 
weight of 200 kilos a distance of 1000 meters along a horizontal 
plane, if the coefficient of friction is .5? ' 

5. A weight of 100 kilos is dragged up an inclined plane whose 
length is 2600 meters, and whose height is 1000 meters (// = .3). 
How much work is done? 

XVni. Potential and Kinetie Energy. Articles 101-118; 

pp. 106-124. 

1. How many kilogram-meters of work are equivalent to one 
heat-unit {i.e., to raise 1 kilo of water 1° C.)? 

2. The weights of a clock weigh 20 kilos, and theyliave 10 
meters to fall* How much work do they represent when wound 
up? 

3. A mill-pond has a surface of 1000 square meters and an 
average depth of 1 meter; supposing it 50 meters above the sea- 
level, how much potential energy does it represent? 

4 How much work is accumulated or stored up (= kinetic 
energy) in a cannon-ball weighing 100 kilos and moving at a rate 
of 280 meters per second? How much heat will be generated if 
its mass motion is entirely destroyed by the impact with the 
target? 

5. A bullet weighing 30 grams has a velocity of 420 meters per 
second: How much work can it do? 
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8. A body veigliing 13 kilos ia projected along a rough lioii- 
toDtal plune l}i = .25) with an initinl velocity of 140 m 
per seooDd: How (iir (ii) will it go before coiniug to rest, awl 
Low long [b) will it slide? 

7. A bammcr weighing 5 kilos and moving with, a velocity of ■ 
1.4 meters per second drives a onil into a pinnk 1 centimeter: 
What reaislauce does it ovcrcomeT 

8. A wciglit of 500 kiloa, used as a pile-driver, falls 6 melerfl 
aud drives the pile in 2 ccniimoterB: What resistance does it 
overcome! 

XIX ParaUeiogram (ff Famm. ArUclea 124-186; pp. 139-142. 

1. Two forces, P = 70 grams, Q = 240 grama, act at riglit 

angles to each other: Keijuireil the magnitude and the diiectioa 

of their resultant. 

3. Two forces, P = 12 kilos. Q = 10 kilos, act at an angle of 
120°; Kequired the tnngniliide of R. 

8, Of two fo P 1" od ^ 24 kiloB, the angle between 

Q and R is 30° B qu d between P and Q. 

4. A peg in a w P d w tringswith forces of 4 
kilos each; ih y re q d downward (40°) to 
vertical: Wha w h g o h p g would give an equal 
Strain I 

5. A peg in a all p d by w gs, one horizontal with 
a tension of 350 grams, and llie other vertical with a tensinu of 
840 grams: What single force ■would exert an equal pull upon it? 

6. A weight is supported by two equal strings attached to auilS' 
In tlie ceiling and enclosing an angle of 130° ; the teuaioa of eacli 
siring is 8 kilos: What is the weight supported? 

XX. Ikmhdian of Foram. Articles 137, 188t pp. 143-148. 

1. A force of 80 kilos is exerted in a direction N. 30° E, : What 
portion of it is felt north? what portion east? 

2. A wciglit flf 13 kilos in supported by two strings at aaangli 
of 120° ; one (a) goes (Fig, 66, p. 144) horiiontally lo the vertical 
wall, and the other Qi) to the ceiling: What is the tension of tli»' 
two strings? 

8. A picture, whose weight is 40 kilos, is supported by a oord 



INTRODUCING THE METRIC UNITS. 273 

attached to the upper corners and carried over a nail so as to 
include an angle of 75°. If the top of the picture is horizontal, 
what are the tensions of the strings? 

4. A horse drags a sled by a rope inclined at the ground at aii 
angle of 10"; the tension of the rope is 300 kilos: What is the 
effective component of the force exerted? 

5. A weight of 640 grams is supported by two strings, one of 
which makes an angle of 30° with the vertical, and the other 60° : 
Find the tension of each string. 

XXI. BesoluUon of Forces along two Bectangular Axes, 
Articles 140, 141, 147-140; pp. 147-149, 156-158. 

1. Find the magnitude and direction of the resultant of the 
following forces: P = 100 kilos, Q = 50, /8 = 200. The angle be- 
tween P and Q = 60°, between Q and yS = 270°. 

2. Required the magnitude and direction of the resultant of the 
following forces: P= Q = 8 =^ T = 100 kilos. The angles are 
as follows: between P and Q = 60°, between Q and 8— 120°, 
between /S and T = 120°. 

XXII. ParaM Ibrces. Articles 143-149; pp. 152-159. 

1. A rigid rod, supported at the ends A and B, has a weight of 
24 kilos hung 2 meters from A and 4 meters from B: What pres- 
sures do the supports feel? The weight of the rod itself is neg- 
lected here, as, too, in the following examples. 

2. ABC is a rigid rod; at 5 a weight TTis hung, so that AB = 
24 and BC= 32; the pressure at A is 14 kilos: What is the pres- 
sure at C, and what is W ? 

3. A weight of 80 kilos is carried by means of a rigid rod on 
the shoulders (at the same height) of two men A and B; the dis- 
tances from them are 2 and 3 meters respectively: What weight 
does each carry? 

4 A table has as its top an equilateral triangle ABC (Fig. 82); 
a weight of 10 kilos is placed at 0, so that the perpendicular dis- 
tance from on BC = 18 centimeters, and those on AC, AB 
each equal 36 centimeters: What is the pressure on each of the 

*three legs? 

5 A rod 40 centimeters long and whose weight acts at its 
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middle point tchU oq two verlicul props placed at the e 
Where musl a weight, eqiuil to twice llial ol the rod, bo placei 
iliat the pressure on Uic props eball bv as 4 : 1 ? 

XSniifomenU. Articles 151-156; pp. 161-167. 

1. A force, P=2i kilos, acts at right angles toan ar 
long: What is its moment? 

3. A rigid rod AB, 3 mctcn long and free to turn about 
aclcd on by a force, P = 80 kiloa, whose direelion nrnkes an i 
of 30° wiUi AS: What is the moment of P ! If the iingle is ISO", 
what is the moment? 

3. A force, P = 100 kilos, nets at Ihe estremity of n rod, A^ 
4 meters loDg, and at an angle of 120° : What ia the moment of 
about a? 

4. A bar 5 meters long and pivoted at the middle has a wei^ 
of 10 kilos hung at one extremity: Wiat ia the mornenl of Q 
weight ((() when Ihe bar ia horizontal, (b) when it makes an ang 
of aO' below, and (c) of 70° above with the horizontal position! 

XXIV., XXV. Centre of Gmvilif—Btahility. Articlfis 169-177 
pp. 169-189. 

1. Where ia the centre of gravity of two bodies, A and J 
■weighing 30 and 43 grama reapcctively, rigidly connected by 4 
weightless rod 36 centimeters long? 

3. A rod AB, 1 meter long and weighing 250 grams, has A 
weight P = 4J kilos hung at the end S : Where will it balance? 

3. What weight muat be hung at the end of a rod i meter Ion] 
and weighing 30 grams that it may balance 3S millimeters fron 
that end! 

4. A rod 3 meters long and having a weight of 5 kilos a1 
end balances at a point 3 millitatters from this end; What is it 
weight? 

5. A uniform rod AB, 1 meter long and weighing 1 kilo, has ji 
weight of 750 grama at the end A, and one of 350 at the end S 
Where will it balance? 

6. A uniform metal wire is bent into the form of an isosceh 
triangle, ABC. sothat jlP— -1(7= 117 millimeters, andSC= 
millimeters; Where is the centre of gravity? 
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7. A table 2 meters square stands upon four legs, each of which 
is 300 millimeters in from the adjacent edges; its height is 800 
millimeters and its weight 24 kilos: What is the least force 
required to put it on the point of overturning if applied at the 
edge (a) as a horizontal push? (0) as a pressure directly down? 

8. A table, having a circular top of i meter radius, is sup- 
ported on four legs placed at the edge and at equal distances 
from one another; the height is f meter and the weight 10 kilos: 
What is the least force that will put it on the point of turning it 
if applied at the top (a) as a horizontal push? {b) as a pressure 
down? (c) acting vertically upward? 

9. What work would be done in overturning a cylindrical 
column of stone weighing 10,000 kilos, 3 meters high and 1 meter 
in diameter, supposing that the centre of gravity is on the axis 
(a) at the middle? (b) .25 meter from bottom, (c) the same distance 
from top? 

XXVI. Lever. Articles 185-190; pp. 195-201. 

[The weight of the lever is to be neglected, except when other- 
wise stated.] 

1. The force P= 40 kilos acts as in Fig. 126, p. 196; AF = 
2 meters and AB = 3i meters: What weight can be supported? 

2. If (Fig. 127, p. 196) AB=6,BF=2i meters, and the weight 
is 60 kilos, what force Pis required to support it? 

3. If (Fig. 128, p. 196) AB= 14, AF=2 meters, and P = 24 
kilos, what weight can P support? 

4 AFC is a bent lever (Fig. 129, p. 197); AF= 12, FC=-U, 
AFG= 135°, P= 20 kilos: What is IF? 

5. GFD is a bent lever (Fig. 131, p. 197); CF= 16, FB = 24, 
PBF= 150^ FGW= 120% and W= 60 kilos: What is P ? 

6. A heavy imiform rod BF (Fig. 133, p. 199), weighing 10 
khos and f meter long, is hinged at i^; it is supported by a 
string carried from i> to a point F, 250 milimeters vertically 
above F: What is the tension of the string? 

7. A heavy uniform shelf BF (Fig. 134), i meter wide, weigh- 
ing 24 kilos, and hinged at F, is supported by a prop carried 
from C (CF= 400 millimeters) to a point E below F, so that 
OF=FF: What pressure does this prop feel? 
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8. Forces of 8 aod 13 kiloa act &t the exlremitiea of astraiiUt' 
tiur 4 melCTs loug, udiI iu diructiODs luukiai; angles of 120' and' 
150° respectively with it; Wliurs is the fulcrum iu case of Qqui- 
libriuml 

XXVLL. XXVKL Balanet—SteelyaM. Ajlicloa 191^196; 
pp. 20S-3I0. 

1, A body is equivalent to a weight of 6 kilos in ode pnn i 
tiilse balance, und of 6j kilos in tlie other: What is the 1 
weight? 

2. A liody is equivalent to a weight of 84 grams from one i 
of a false l)alaiice, and of 73 grams from tlio other: WliaC is li 
ratio of the lenglhii of the arms? 

S. The true weight of a body is I gram, its apparent weight i 
one pnn of a balance is 960 milligrams: What would it e 
weigh iu the other pan? 

■:CG(Fig.l 
us, and Q = i kilq 
(u) Where is the zero of the scale? (b) Wliat is the length t 
graduation for 1 kilo! (e) How large weights can it be used i< 

5. The weight of the beam of a Hteelyard is 1 kilo, and 1 
distance of its centre of gravity is 10 mUIlmetcrs from the fid 
crum: Where must a counterpoise of 040 grams be placed U 
balance it? 

6. Tlie length of a Dauisli steelyard is i meter, its weij 
1} kiloB, and it acts at a point GO millimeters from one e 
body weighing kilos hanga at the other cud: Where i 
fulcrum? 

XXIX., XXX. Wheel and AxU — Fiilk^. Articles 202-238; 
pp. 316-234. 

1. The radius of the axle Is 50 millimeters, that of the wl 
is i meter, and the power acting la 60 kilos: What weight. 
supported? 

a. A man, exerting a force of 40 kilos on a lever-arm li 
long, turns a capstan; the radius of tlie circle about which 
lope is wound is 150 millimeters: What is the pull fell upon 
anchor? 
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3. A weight of 300 kilos bangs by a rope 20 millimeters in 
thickness; r = .2 meter, and i? = 1.25 meters; the power acts on 
a lever-arm without a rope : What is P ? 

4. A power of 40 kilos balances a weight of 600 kilos; the 
radius of the axle is 75 millimeters: What is the diameter of the 
wheel? 



5. In a combination of pulleys, as in Fig. 162, Tr= 704 kilos, 
and P = 44 kilos: How many pulleys are there? 

6. In a combination of pulleys, as in Fig. 163, W= 288 kilos 
and P= 48 kilos: How many pulleys are there? 

7. In a combination as in Fig. 164, W - 837 kilos, P=27 
kilos: What is the number of pulleys? 

8. In the single movable pulley, W^ 100 kilos: Calculate the 
value of P when 2a = 45^ = 135°. 

9. What force is needed to support 200 kilos by the second sys- 
tem of pulleys, there being 4 in all? What is the force if each 
pulley weighs \ kilo? 

XXXI. Inclined Plane. Articles 227-232; pp. 235-241. 

[The plane is supposed to be perfectly smooth.] 

1. The angle of the plane is 30**, the weight is 120 kilos: What 
force is required to support the weight {a) acting parallel to the 
plane? (h) acting horizontally? {c) acting at an angle of 60° with 
the plane? 

2. What is the reaction of the plane in the three cases in ex- 
ample 1? 

3. A force of 60 kilos acts parallel to an inclined plane : What 
weight can it support in the following cases — the angle of the 
plane is {a) 20°, {b) 40°. 

4. A weight of 60 kilos rests on an inclined plane : What force 
acting parallel to the plane is required to support it, if the angle 
of the plane has the same values as in example 3? 

5. A force of 50 kilos acts horizontally to an inclined plane : 
What weight can it support if the angle of the plane is 45°? 

6. If a horse can raise 800 kilos vertically, what weight can he 
raise on a railway having a grade of 44 feet to the mile? 
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XXSII , XXXUL m■,il?l^-ftJW. Articles 333-242; pp.243-! 

1. A wi'dge is isoBCtOcB in shape and bae &n angle of 30° 
f = 20 kilos, what is tlic resistance on each face? 

2, A woilge is iaogceles. and tJie angle 60° ; a force of 100 kilos 
acts at ilie back: What are the other two forces? 

S. A weight ia isosceles, the power acting on the back is 30 
kilos, and Iho forces on the other sides are 60 kilos each; What 
ia llie angle of the wetlge! 

4. The wedge is right-angled and the three sides have lengths 
of 35, 30. 15 (back): If Pe 100, what are the other two forces? 

5. What weight c;ia be raised by a power of 25 kilos acting nn 
a lovcr-arra | meter long, if the screw has 3 threads to the centi- 
meter? 

0. If a pon'er of 40 kilos acting oa an arm I meter long can 
support a weight of 8000 kiloa, -what will be the distance between 
the threads of the screw? 

7. A Bcrcw has 1 thread to tlie centimeter; the circumference 
described bj the power is 3 meters: What power is needed lo 
support a -Height of 3000 kilos? 

8. While the point of application of the power makes a revo- 
lution of 1 meter, the screw advances 6 millimeteTS; the power is 
50 kilos: What is the weight raised? 

XXXIV- Pnadiaum. Articles 244-347; pp. 263-361. 

-~_PDie-leugtU of the seconds pendulum at New York is abavi 

.9933 meter.] 

1. Required the length of a pendulum at New York whlcb 
wiil viiinilc (a) in i second, (ft) in 3 seconds, (e) in li seconds. 

2. Required Ilie length of tlie seconds penduhim where Uw 
acceleration of gravity is 9.83 (Ehat ia, near Ihe pole). 

3. Required the length of a pendulum to vibrate in 3 seconds, 
where the value of ff is B.78, 

4. How many beats in a mioule would a pendulum li meters 
long make iu New York? 



1 
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Pages 12, 18. I. Uniform Motion of Translation or Rotation, 

Articles 17-21. 

(1)400.91 miles, (2) 44 feet per second. (3a) 5}J feet per 
second; (3ft) 117^ yards per minute. (4a) 3 miles; (4ft) 25 seconds. 
(5) 1 mile. (6) 7.39 miles. (7) 19.01 miles. 

(8) 1047.2 miles per hour, or 1535.9 feet per second. (9) 523.6 
miles per hour, or 767.9 feet per second. (11) .000073. (12<*) 
Jar = 4.189; (12ft) 12.57 feet per second. (13a) 628.3; (13ft) 8567.9 
miles. (14a) 5.236 feet per second; (14ft) 10.472; (\Ac) 26.18. 

Pages 21, 22. 11. Uniforrrdy Accelerated Motion. Articles 22-28. 

A. Falling Bodies. 

(la) 480 ft. per sec. ; (1ft) 3600 ft. ; (Ir) 464 ft. ; {\d) 1296 ft. 
(2a) 18 sec. ; (2ft) 576 ft. per sec. (3a) 16 sec. ; (3ft) 4096 ft. (4^i) 
11 sec. ; (4ft) 1986 ft. (5a) 12 sec. ; (5ft) 2304 ft. (6) i : i : 1 : 3 : |; 
the velocities are 8, 16, 82, 96, 144 ft. per sec. (7) yV : i ^ 1 : 9 ^ ¥ ; 
the distances are 1 ft., 4, 16, 144, 324 feet. (8a) 31.46 sec. ; (8^^ 
1006.86 ft. (9a) 55^ ft.; (9ft) 108^. (10) 100 ft. (11a) 192 ft., 
256 ft., 384 ft.; (lift) when B has fallen 5^ sec. (12) 3.94 sec. 
(13) 576 ft. 

B. Oenei^al Case. — Acceleration =f. 

(1) 6 ft.-per-sec. per sec. (2a) 20; (2ft) 640 ft. ; (2c) 160 ft. per 
sec. (3a) 72 ft per sec. ; (3ft) 216 ft. (4) 8. (5a) 249.6 ft. per sec. ; 
(5ft) 874.4 ft. (6) 7i sec. (7) 6 sec. and 96 ft. (8) For the earth 
V = 82, 64, 96; and s = 16, 48, 80. The corresponding values for 
thesun are 28 times greater. (9) Yes. (10) Three times as far, 
i,e„ 150 ft 
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Pnges 30, 81. IlL Omapotition of Veloeitia. ArUoles B9-87. 

(In) 1 mile per hour; (12') « tnilcs; (V) 4 miles: (Id) 13 miles, 
(2(1) At ao angle of 38' 40' with the line drawn directly acnM 
i/tAC. Fig. 11); (26)6.4 miles per Lour; (&) 24 minutes; (M) 1^ 
mlltis clown stream (BC, Fig. 11). (3a) 53° 8' up Btream (B-lft 
Fig. 12): (S6) 3 miles per hour; (3c) 40 minutes. (4u) At a 
of T3° 61' up stream mode with the line drawn directly acroasi 
(44) 1.608 miles per hour; (4c) 1 hr. 26.3 min. (6a) 13° 51' i 
stream measured from the lino directly across ; {5b) 5.61 miles per 
hour; (5o) 24.7 min. (8) Three fourths of a mile down s 
(7a) 18 ft. per sec, ; (7*) N. 33° 37' E. (8a> N. 82° 80' B. ; (8^ 
14.79 ft. per sec. (Ou) 15 ft. per sec. ; (M) 36° 52' with his owl 
direction. (10)0. (II) 2.07 milesperhourdue west. (12o)lS 
yds. per minute at an angle 38° 40' down stream; (12i} 060 jartt 
below the starting-point (JtC. Fig. 11); (13e) 58° 8' 
(BAO, Fig. 13); (13d)20minulofl. 

Pages 31, 33. IV. RaoluHon of Coiuitant Velodtim. Article 88 
(1) 7,79 ft. per sec. (2) S, 10.3B, 13, 10.39, 0. (3) 6.4 ft. 
sec. pftrnliel AC, haA 4,8 parallel AB. (4) B,3 miles per 1 
north, and 3 miles east. (5a) 8.66; (H.) B. (6) 100 yds. per i 
and ul an angle of 63° 8' up-Btream, (1) 11.05 ft. per t 

Pages 83, 34. T. Failing dmen an Indined HoTie. Article 40. 
(U) 16 fL-per-sec. per sec. ; (li) 138 ft.; (U) U ft. per 
(lii) 58 ft. (2n) 10 seconds; (3A) 80 ft. per sec. (3) 8.37 
(4")2fl.-per-sec. per sec. ; (4i> 86 feet. (5rt.)4 ft.-per-sec. per 
(54) 784 feet. Ifia) 1024 feet; (66) 138 ft. per sec. (7) The 
are 5, 7^, 10, 15, 20 see.; the actiuired veloc;ity is 160 ft. per sec 
in all. 



(lo) 260 ft. per sec. ; (IJ) 1036 feet; (Ic) 344 feet. (8a) 6i & 
(Si) 106 tt. per sec. (8) 43 ft. per sec. (4) 76 ft. per sec. (Sa 
65 ft. per sec,; (Si) 675 feet. (6) 31 ft. per sec. (7u) 6 " 
{lb) 3J sec. (8.() 1216 f.-'ft; («/-) 400 feet. 
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Pages 40/ 41. ' yil. Bodies prqfecied wrUcaUy upward. Article 44 

(la. Id) 9 sec; {U) 1396 feet I {\d) 272 feet and 16 feet. (2a) 3 
or 9 sec. ; (26) 15 <m: — 8 sec. (8a) 4i sec. ; (86) 8i sec. ; (3<;) 15 sec. 

(4) 240 ft. per sec. (5) 12 sec. (6) 192 ft per sec. (7a) 112 ft. 
per sec. ; (7b) same as (7a). (8) 256 ft. per sec. (9) 4 feet from 
the top after \ second. (10a) 440 feet; (106) 88 feet; (lOe) 88 feet 
(11) Two seconds after the second ball started. (13) It will 
actually ascend 3 seconds (though apparently falling as seen from 
the balloon) and then descend, reaching the ground after 7 
seconds longer, or 10 seconds in all; the total distance, up and 
down, is 928 feet 

Pages 41, 42. VIIL Prcijected up or down a smooth Inclined "^lane. 

Article 45. 

(la) 8 sec. ; (16) 89 feet, per sec. (2a) 96 ft. per sec. ; (26) 12 
sec. (3a) 109 ft per sec. ; (36) 308 feet; (3(;) 101 feet (4a) 5 sec. ; 
(46) 200 feet; (4c) 48 ft per sec. ; (4(i) - 48. 

Page 42. IX. Bodies projected against Friction. Articles 41, 42. 

(la) 12 ft-per-sec. per sec. ; (16) after 10 sec. ; (Ic) 600 ft. {%i) 
5 sec. ; (26) 100 feet; (2c) 16 ft. per sec. (3) 22 seconds and 242 
feet. (4a) 60 miles per hour; (46) four times as far. (5) 4000 
feet; 20 seconds. 

Page 50. X Projectiles. Articles 47-51. 

. (la) 6 seconds; (16) 692.8 feet; (Ic) 100 feet. (2) 2 or 3 seconds. 
(3) 7° 14' or 82° 46'. (4) 367.65 ft. per sec. (5) 2i seconds at a 
distance of 3000 feet. (6a) 1056 ft. per sec. ; (66) 400 feet. (7a) 
120 feet; (76) 48 and 80 ft. per sec. (8c) after 1 second; (8rf) 66 
feet in a horizontal line from the point where it was dropped. 

Page 55. XI. Mass — Density — Volume, Article 56. 

(1) 1 : 4J. (2) li : 1. (3) 9:8. (4) 2| : 1. (5) .49 Ibr (6) 1.21 : 1. 
(7)1.1. (8)1.024. 

Page 63. XII. Force of Gravity . Articles 63-65. 
(1) 4 V2" times the earth's radius. (2) gf (sun) : g (earth) = 

^^:1; that is, ^' = 27.9 ^. (3) About i of 5^. (4)317:1. 

(5) 32.047 (only the difference in distance from the earth's centre 
is considered). 
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Page 72. XIII. CMition of TnfiaiUe Bodiei. Article T 
(1) 13i ft. per sec. (3) 8 ft. per sea (3) 30 ft. per sec. (■ 
Bpeclively 9, C, ij. (5) 4 : I. (6) 8 : 7. (7) 7 : 5. (8) :9| ft per | 
Bcc. (9) 1631.76 ft. per sec. 

Pugea 80-82. XIV. QenenU Dynamical Problems. Arlicles 68 i 
and 73-76. 

(In) 4 ft.-per-aec. per aec; (16) 8 feet. (3a) At a distance equal! 
to tlie eartb's radiuB; (2A) one fourth as great as at the surface, f 
(3)5ift.-per-Bec. persecood; the tension (7") = 10 lbs. (4) t^ a 
p. (&x) lOOlbs.; (5J)113.e. (6) 20 seconds. (T) DJ feet- (8) ^A 
OK. (9) i\ lb. (Ifti) 27 lbs.: (lOA) 21 lbs. (11) If the velocity M 
gained in 1 second, 40 lbs. (12(i) 10| ft.-per-8( 
(I2i) 85^ feet (13)/= 20; IB oz. = 30 poimdala. (14) IJJ llia.B 
(IB) 13i sec (16) 300 lbs. (17) 9r " " 

(I8a) 8 sec. : (186) 256 feet. (19) 5 ibs. (30a) 6fl8i feet; (80 
6^ sec. (21a} 31G.4 ft. per isec. ; (216) 9.38 sec. 

(1)/=112: tension = 70 lbs. (30) They are increased 4 limes; ' 
(3*) they are diminished one half. (3) 986.97 lbs. (4) 18 ft. per 
sec. (6) 2. (6) .736 too. (7) 74.02 lbs. (8) 16.2 feet (only the 
tension caused by the circular motion is considered). (9) 1 foot 

09, 100. XVI. .PWrfion. Articles 83-94 
(1) II = .25. (2) 4.8 lbs. (3) 28 lbs. (4o) n = .364, F= 5.«i 
Iba.; («)/i = .3e4, F=10.26. (.^)4657Ib8. (6() 9.B and 13 IbiJ 
(7)/i = .54. (8a) 6 lbs.: (8fc) 5.638 lbs. (9o)P- 
8.8 lbs.; (96) P = IP sia a + F = 15.3 lbs. (10) 10.35 lbB.1 
(n)18.051bB. a2)308.46. a3)167.43. (14) Q| lbs. (15)1311 

Pages 105, 106. XVH. Work. Articles 95-100. 
(1) 125,028 ftlbs. (3) 103,493.7 ftlbs. (3) 1,440,000 fUbs. (^ 
12,672,000 ft.lbs. (5) 5.940,000 ft.lbs. (6) 600,000 ft.ll; 
Against gravity 250,000 ft.lbs., against friction 180,000 f 
total 430,000 fLlba. (8) A^ain.sl gravity 60.000 ft.lba., 
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friction 24,000 (horizontal surface), 30,784,6 (inclined plane); 
total 10i,784.fl ft,lba. 



(1) 1800 fl.lb8. (2) 3,267,000,000 ft.lbs. (3) 9,375,000 ft.ibs, per 
minute, or 284,09 horsepower. (4) 350,000 ft.lbs, per iiiinulc, 
or 7.B8 horse-powet. (5) 6924.46 iieat-units, and 0.111° C. (6) 
4,600,000 fl.lb3., 3237,41 Iieat-unita. (7) 635 ft,lbs. (8o) lO.OOO 
I; (86) four times aa far. (9) Same distance. (10a) 6400 feet; 
(lOd) 40 sec; (10c) 634 feet; (lOii) 304 ft, per sec, (111) 5000 feet; 
aifi) 50 see.; (He) 18,000 ft.lba. (13) 60.47 feet. (18)/ (Uie re- 
tardation on the plane) = {(32); (l&i) 2000 feet; (ISb) 12} sec. 
(14) 348.16 ft. per sec, (the weight of the body does nol enter into 
the problem. {15a) 1360 X ITft.lba.; (156)6800 feeL (16) J? = 
72 lbs. (17) 340,000 lbs. (18) 37,500 lbs, 

Pagea 142, 143. XIS. PaTaUdogram of Foreet. Articles 136-136. 
(I) 35 lbs., a = 73° 44'. (2) H.0B7, a = Za° 59'. (3) Q = 16.10, 
^ ^ 83° 39'. (4) ft - 64° 39', y = 114° 9'. P = B.94; or /5 = 
18° 81', r = W 51'. P = 1.85. (5) ;- = 130°, B - 37,71 lbs. (8) 
W Iba. (7) 35 lbs., inclined 53" 8' to the horizontal (8) 20.78 
lbs. (9) 15 and 30 lbs, <10) 100 lbs., 16° 16' and 78° 44'. (11)28.43 
oz. (13) 5,73 and 11,44 lbs. (13) 41,57 lbs. 

PageBl50, 151. 'SX. Betolutian ef Fareei. Articles 137, 188, 

(1) 106.05 lbs, N, and the same E. (2) 5 lbs,, 6.18, B.77, 7.07. 10, 

19,80,00. (8) rt = 23.83, 6 = 31,11 lbs. (4) a = 84,64 Iba., 6 = 40 

Iba. (5)E^ic]ii=89,I61b9. (6) 579.60 lbs. (7) 15.50 lbs. and Iba. 



(1) ^ = 86.6 lbs., and its direction makes an angle of 150° with 
P. {2)fl=lUfllba., at right angles to P. (3) .fi = 208.3Ibs.. and 
makes an angle of 208° 41' (or - 61° 19') with P. (4) B - 73.3 
Iba., and acts due north. (5) R = 34S.4 lbs., and acU 8. 54° 44' E. 
(6), the forces are in equilibrium, {T) B = 61.23 Iba., and 
B. 77° 80' W. ; the system will be kept in equilibrium by a force of i 
ei.as Ills octiug N. 77° SO' E. 
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Pages ISO, 160. XXa. Param Jlbrw*. Articles 143^149. 
(la) R=n. AC =28. SO = 80; (16) fl = 30, AB = IdS, 
BV = U; (li!)fl = 6. BC=V),AC=ia;(.U)Ji = S. AB = 
i«7=84. (20) V- 5, -it' = 25, £0=15; {2/')Q = », AC = 
AS = 43; (2c) e = — 4. BO = 40, AO = 10: (Erf) Q = - 
JB = 24,flC=72. (3) At .4 38 lbs., at B 12 lbs. (4) W = 
lbE..utC24 lbs. (5) Al£S Ills., ati>l Jb. (the ^-cight of the: 
rodisuegleclcd). (8) J carries 84 lbs., BOO ibs. (7) At -4 4 lbs.. 
atfiuu] (78IbB. (8) At .d 12 Ibe., at £ snd (7 3 Ibe. (S) Plac«4, 
atoneeiid. (It)) Sll and 704 lbs, 

Pitgu lOT. XXIII. JUomentt. Articles 151-166. 

(1) 72 ft.lbs. (2) 338.10 ft.lbs. (3) 615.84 ft.lbs, (4«) 73 ft.lba, 
(4fr) 5S.1S ft.lbs. ; (4e) 36 f Libs. 

Pages 180-183. XXIV. OentTt. of Oravity. Articles 150-171. 

(1) 18i in. from A. (2) 8 in. from P. (3) IB in, from D. (fl 
1 in. from B. (5) 2 in, from B. (0) 24 lbs. (7) 4 oz, (8) ■. 
(9ii)vl CArrics 24 lbs., £30 lbs,; (96) .deUonld atan<l 8 fuet from 
liis end. (10) 1^ in. from llie centre toward A. (11) 6 In. from 
C, on a lino making an uugie of 53° 8' with BO. (12) 16 in. from 
A. on a. line bisecting tlie angle BAG. (18) On a line bisecting 
the right angle, 3 1'3 in. from B. (14<i) 8 V^ in. from the centre 
toward .4; (14A) 4) in. from the centre on a line drawn to the 
middle point of AB; (14e) 2 V^from the centre toward B. (15a) 
2} in. from tbo centre, on tlio line drawn to the middle point of 
0D\ (15i) 3 V's'in. from the centre toward G; (15^) f V^trom the 
centre toward G. (16) 2| in. from the middle point of BC, on the 
line joining the centres of the parallel sides. (17) 1 in. from Ihe 
centre of the original circle. (ISa) 2J in. from the centre of the 
larger circle. (10) Si in", from the centre of the base. (20) 8 in, 
from B. on llie line BD. (31) lU in. from the vertex of the tri- 
angle. (22) On the axis, 4 in. from the centre of the larger 
cylinder. 

Pitgca 180, 100. XXV. Stabilil//. Articles 173-177. 

(la) 45 lbs.; (16) 00 lbs,; (le) 125 lbs, and 350 lbs. (2a) 42.43 

lbs,j (26) 43.S2 lbs, (3)48° 11'. (4) 80 feet Tcrticall;. {SajW; 
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(Sb) 67*' 10' (the vertex lying up the plane). (6a) 16 lbs.; (6ft) 48 
lbs. (7a) P=8 lbs. ; (76) 20 lbs. ; (7c) 63 lbs. (8a) 15,406.6 ft.lb8. ; 
(8b) 49,442.7 ftlbs. ; (8c) 8781.8 ftlbs. 

Pages 213, 214. XXVI. Leoer. Articles 185-190. 

(1) 160 lbs. (2) 20 lbs. (3) 12^ lbs. (4) 200 lbs., 100 lbs., 87i 
lbs. respectively. (5) 87.12 lbs. (6) 46.58 lbs. (7) 180 lbs. (8) 
67.12 vertical (5), and 163.71 lbs. in a direction making au angle of 
12" 13' with a vertical line through F(7). (9) 29.15 lbs. (10) 88.18 
lbs. (11) 96 and 48 lbs. (12) i of the length from the centre 
toward the end having the heavier weight. (13) 8.24 feet from 
the end at which the force 8 acts. 

Page 214. XXVII. Balance. Articles 191-193. 
(1) 14.07 lbs. (2) .837 : 1. (3) 14.06 oz. 

Page 215. XXVIII. Steelyard. Articles 194-196. 

(la) The zero is f inch from C{ = CD, Fig. 139); (lb) } in. 
from C{= CO, Fig. 139); (Ic) the graduation is to 12ths of an 
inch; {Id) 1 lb. and 20 lbs. (2a) i in. from (7(= CD, Fig. 138); 
(26) li in. for 1 lb. ; (2c) 15i lbs. (3) i in. and ^^ in. (4) f in. 
from the fulcrum. (5) 6f from the end on which hangs the 
weight. (6a) 18 in. from the end A (Fig. 141); (66) 14f in. from^. 

Page 220. XXIX. Wheel and Axle. Articles 202-208. 

(1) W = 1200 lbs. (2) 21,600 lbs. (3) 1920 lbs. (4) P = 88.54 
lbs. (5) 8 feet 4 in. (6) P = 10.61. 

Pages 234, 235. XXX. Pulley. Articles 217-226 . 

(la) 50 lbs. (16) 150 lbs. (the weight of the platform is neglected 

in each case). (2) n = 4. (3) 71 = 4. (4) 71 = 4. (5) Tr= 193.18 

(30''), = 173.2 (60°), = 100 (120°). = 51.76 (150°), = (180°). (6) 

P= 31.25, and 31.72 lbs. (7) P= 125 and 125.25. (8) P= 33.33 and 

32. 97. (9) If w' is the weight of the pulley A, and w" that of P, then 

4 P+ w" = TF+ w'. (10) Let the weights of the movable pulleys 

W w' 
2), C, By A be respectively «?', w'\ w"\ w^"", then P =-— + -—- -i- 

ol 81 
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— . If the weights of Ibe piii]pys(io)arc equal, then 



Pages S41-343. XXXI. Itidinei Fiane. Articles SST-333. 
y\a)P=A\M: {IJ)P= 43.68; (lc)P= 47.39. (2a) 7i ^ 112.78; 
(2fi) B = 127.7; (So) ;? = 89.07. {8n) 87B.9; (86) 300; (Sc) !4i.4; 
(*/) 11S.6; (8c) 101,6; (3/)100. (4u) 17.36; (46) 60; (4b) 70.7; (4d) 
86.6: (W88.6; (V)IOO, (5n) 567.1; (56)173.3; (fe) 100; (5rf) 67,7; 
(5f)17,6; (5/)0. (6n)]7,6;(66)57.7;(a;)100;(6d)173.2;(6e)567.1; 
(q/*)*. (7)Aoffttoii. (8) 35 and 21 Iba. (9)11,484. lbs. (10) 
yi, of the waighl. (H) a = W B&'.W - 66J, (13) 5^. (13) 
IS feet utid 18 feet. 

Page 383. XXXH. Wedgf. Articles 333-335. 
(1)115.3. (8)70,7. ^)38'-B6'. (4) They are equal. (Q) 188i 
and leaj. (8) 1 ; a : V3. 



Articles 336-343. 
r Iba, (4) 7300 lbs. 



Page 251. XXXIIL &re«. 
(1) 9IM7,8 lbs, (2) ,785 in. (3) 12 
: 113.4. (8)3. (7)1 in. (8)81,480,3 



XXXIV. I^ndulum. Articles 344-247. 
(Irt.) 9.78 in.; (16) 13,03 feet; (Ic) 20.37 feet. (3) I 
13.01 feet. (4) About 91.3 feet. (5) 38.3 times. (6) 87Ji ii 




AJSrSWERS TO ADDITIONAL EXAMPLES 

(ON PAGES 263-278) 
INTRODUCING THE METRIC UNITS. 



I. 

. (1) 864 kUometers. (2) 13}. (3a) 16| ; (9b) 100. (4a) 6.44 kilo- 
meters; (4b) 8^ minutes. (5) 2.56 kilometers. (6a) 88 (per 
second); (66) 3168 kilometers. 

II., A. 

(1) The distances are 49, 19.6, 44.1, 78.4 meters; the velocities 
are 9.8, 19.6, 29.4, 39.2 meters per siecond. (2a) 98 meters per 
second; (26) 490 meters; (2c) 93.1 meters. (3a) 4f seconds. (36) 
42 meters per second. (4a) 7i minutes; (46) 275.6 meters. (5a) 5 
seconds; (56) 122.5 seconds. 

II., B. 

(1) 8 meters-per-second per second. (2a) 80 meters-per-second 
per second; (26) .36 kilometers; (2c) 120 meters per second. (3a) 
60 meters per second ; (36) 150 meters. (4) Yes. (5) 260 meters. 
(6) 20 meters-per-second per second. 

ni 

(la) 2 kilometers per hour; (16) 18; (U, Id) 8 and 24 (2a) 
88° 40' down stream; (26) 128.1 meters per minute; (2c) 20 minutes. 
(3a) 53° 8' up stream; (36) 60 meters per minute; (Be) dS^ nunutes. 
(4a) 13 meters per second; (46) N. 22° 37' E. (5a) N. 67° 30' E.; 
(56) 6.12 meters per second. (6a) 5 meters per second; (66) 36° 52^ 
irith his direction. 
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(1) 3 raetcra per second. (3) 4J und Sj melera per second. (^ J 
4.33 uDil 2.6. (4) IZM and 7.G. 



(la) 4.9 mtlers-pcr-aecond per aecood; <16) 39.3; (le) 19.6. 
Saecouds; {Si) 19.6 melera per second. {3) 11.89 seconds. (4J 
1,4 meters- p(;r.i«!cond pet second; (44) 90 meters. 

VL 
(la) 80.6 meters per second ; (16) 824.1 meters. (3o) 6 seco- 
<2i) 68.1 meters pet second. (3) 18.63 meters per second. ( 
10.6 mct«ts; (46) 8^ seconds. 

vn. 

(la) and (lb) S seconds; (le) 138.5 meters: (1(^ 44.1 and 4.9 
meters. (3) 1 or 7J seconda. (3) 66 meters per second. (4) Tfi 
seconds. {5a) 38 meters per second; (5J) after If seconds longer, 

Tin. 

(la) 13 seconds ; (16) 40.7 meters per second, (pi) 39. 
per second ; (34) 79.3 meters, (Sa) 56 meters per second ; (3S) 11] 
seconds, 

IX. 

(la| / = 4 meters-per-second per second ; (16, le) after sliding W 
seeonds, and 200 meters. (2n) 30 seconds ; (Sfi) 130 meters; (3e> 
10.3 meters per second. (3a) 28.B Id], per hour ; (3i) 480 meters. 



(la) ( = 25 seconds; (16) 5,304 kiloraelera. (9)34* 18" or 61 
(3) u = 280 meters per second. (4) After 3 seconds, at a distance 
of 1.2 kilometers. (5u) 300 meters per second; (5b) 132,6 meters 

XI. 
(1)2J:1. (2)3.73:1. (3)773.3. (4) I3.3B4 kilograms. 

XII. 
fl) 4 times the earth's radius, (3) 277.3 raetfirs-per- second i 
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second. (8) About 1.6 meters-per-second per second. (4) 2.7 
tnillimeters-per-second per second. 

XIII. 

(1) 5 meters per second. (2) 3 meters per second. (3) 10 meters 
per second. (4) 4, 8, and 2.4 meters per second. (5) 420.84 meters 
per second. 

XIV. 

(la) 3.8 meters-per-second per second; {lb) 7.6 meters. {2a) At 
a height equal to 1} the radius of the earth; {2b) 2.04 kilos. (3) 
/=2.8; tension, 4.286 kilos (4) 20.4 seconds. (5) 28^ kilos. 
(6a) 400 grams; {Qb) 392,000 dynes. (7) 1.4 grams. (8) 1.02 milli- 
grams. 

XV. 

(1) 25 kilos; / = 24.5. (2) 82971^ kilos. 

XVI. 

(1) /i==h (2) 4.8 kilos. (3) 160 grams. {4a) >u = .36, i7^= 5.07 
kilos. (46) fi = .36, F= 10.14. (5) 6.235 kilos. 

XVII. 

(1) 1 kilogram-meter = 7.23 ft.lbs. (2) 62,514 kilogram-meters. 
(3) 675,000 kilogram-meters. (4) 100,000 kilogram-meters. (5) 
172,000 kilogram-meters. 

XVIII. 

(1) About 424 kilogram meters. (2) 200 kilogram- meters. (3) 
50,000,000 kilogram-meters. (4) 400,000 kilogram-meters. (5) 270 
kilogram-meters. (6) 4 kilometers and 57| seconds. (7) 50 kilos. 
(8) 150,000 kilos. 

XIX. 

(1) 5 = 250 grams; {a) 7^ 44'. (2) 11.14. (3) i? = 20.78, r = 
120°. (4) 6.13 kilos. (5) 910 grams. (6) 8 kilos. 

XX, XXI. 

(1) 56.4 K 20.52 E. (2) 6.93 and 13.86. (3) 25.21 kilos. (4) 
295.44 kilos. (5) 554.24 and 320 grams. 
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XXU. 

(I) 18 kilo8 at A, and 8 at B. O) lOi at C ; W= 24j 
A carries 48 anii B 32 kilos. (4) On ,1 3 kilos, aad on B 
eaeli 4 kilos. (5) 3 cenlimetera from one eod. 

3xni. 

(1) 73 kilogmm-meters. (2) 30 kilogram-meters: Hie sai 
before. (3} 846.4 kilograra-moKjrs. (4) 35, 33.5. and 8.5S kift 
gram-molars. 

XXIV., sxv. 

(1) 31 centimeters from A. (3) 85 millimeters from B. (8) 3 
grama. (4)10.03gr. (5) 1^5 from the centre toward A (6)fl9m 
limeters from A. on the line drawn to the middle point of B£ 
da) 31 kilos; (76) 60 kilos. (Ba) 7.64 kilos ; (2b) 88.63 kilos ; <t 
6.68 kilos. I9a) 611.4 kilogram-meters ; {9b) 3090.3 ; (9e) 4Q0.8S. ' 

XXVI. 

(1) 5^ kilos. (3) 30 kilos. (8) 8 kiloa. (4) 3134 kilos, (fl 
(7) 31.31 kilM. (^ 1 meter 856.4 mm 

sxvLi., xxvin. 

(I) 6 kilos 343 grams. (3) 1 : 1.08. (3) 1041,7 milligrama. (4a 
13 millimeters from 0; (4i> 80 millimeters; (4c) 7.1 kiloa. (5) 3i 
millimeters from the fulcrum. (6) 90 millimeters from tke em 
on which bangs the weight 

xxrx, XXX. 

- (1) 900 kilos. (3) 8831 ^i^oa. (3) 50.4 kiloi. (4) 3} meters 
-{5) 4 pulleys. (6) 6 pulleys. (7) 5 pulleys. (8) 54.12 (2 a = 
45°). 180.66 l_2a = 135°). (9) 50 kilos, 50.35 kilos. 

XXXI. 

(la) 00 kilos; (li) 60,38 kilos; (Ic) 130 kiloa. (2o) 103.03; (2u 
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'imM;(2e)0. '(8a) 175.4; (86) 93.34. (4a) 20.52; (46)88.67. (5)50 
kilos. (6) 96,000 kilos. 

XXXIL, XXXHL 

(1) 38.64 (2) Each 100 kilos. (3) 19"* 12'. (4) 100, 133t, 166f.— 
(5) 25,132.7 kilos. (6) 31.42 millimeters. (7) 15 kilos. (8) 8833^ 
kilos. 

XXXIV. 

(la) .110 meter; (16) 8.939 meters; (Ic) 2.285 meters. (2) .9962 
meters. (8) 3.965 meters. (4) 48.8. 
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